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Abstract

In this paper, we consider bilevel optimization problem where the lower-level has coupled
constraints, i.e. the constraints depend both on the upper- and lower-level variables. In particular,
we consider two settings for the lower-level problem. The first is when the objective is strongly
convex and the constraints are convex with respect to the lower-level variable; The second is
when the lower-level is a linear program. We propose to utilize a barrier function reformulation to
translate the problem into an unconstrained problem. By developing a series of new techniques,
we proved that both the hyperfunction value and hypergradient of the barrier reformulated
problem (uniformly) converge to those of the original problem under minimal assumptions.
Further, to overcome the non-Lipschitz smoothness of hyperfunction and lower-level problem for
barrier reformulated problems, we design an adaptive algorithm that ensures a non-asymptotic
convergence guarantee. We also design an algorithm that converges to the stationary point of
the original problem asymptotically under certain assumptions. The proposed algorithms require
minimal assumptions, and to our knowledge, they are the first with convergence guarantees when
the lower-level problem is a linear program. Numerical experiments are conducted to show the
effectiveness of the proposed method.

1 Introduction

Bilevel optimization (BLO) is drawing wide attention in the communities including machine
learning, operations research and signal processing. It observes wide applications in various machine
learning problems, such as hyperparameter optimization (Maclaurin et al., 2015b; Franceschi et al.,
2018), meta learning (Finn et al., 2017; Franceschi et al., 2018; Ji et al., 2021) and reinforcement
learning (Stadie et al., 2020; Zeng et al., 2024; Li et al., 2024a,b). In the field of operations research,
BLO finds its applications in pricing, transportation design, game theory, among others (Labbé and
Violin, 2016; Silvério et al., 2022). Standard BLO takes the form:

min  f(z,y*(z)) st. ze€ X, y*(z) € argming(z,y), (1.1)
z,y*(x) yeY(x)

where f is called the upper-level objective and g is called the lower-level objective; X C R", and
Y(x) C R™ are feasible sets for the upper- and lower-problems, respectively. In game theory, the
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bilevel problem can be thought of as a two-player (Stackelberg) game, the lower-level and upper-level
problems are also called the follower and the leader, respectively; see e.g. Kohli (2012); Liu et al.
(2018).

In BLO with unconstrained lower-level problems where ) = R™, a popular class of algorithms
are referred to as the implicit gradient descent method (Ghadimi and Wang, 2018; Yang et al., 2021;
Hong et al., 2023; Pedregosa, 2016). Let us denote the hyperfunction ¢ as

¢(x) := min f(x,y*(x)), where y*(z) € argmin g(x,y). (1.2)
y*(2) yEeR™
The implicit gradient descent method operates by using the implicit function theorem to compute
(some approximated version of) the gradient of ¢(z), which we refer to as the hypergradient V,¢(z)!,
thus allowing us to apply gradient descent-type of methods to ¢(z). Indeed, as we will discuss
shortly, there has been tremendous recent success in developing efficient implicit gradient decent-type
methods and analytical approaches for unconstrained problems where ) (x) = R™. However, it is
still unclear how to effectively leverage these developments for problems with lower-level constraints.
In particular, the constrained lower-level solution y*(z) € argminycy,) g(2,y) could be nonsmooth,
discontinuous or even set-valued based on the specific form of Y(x) and g(z,y) (see Khanduri et al.
(2023, Page 3) and our Example 3.1).
In this work, we consider the following BLO problem with lower-level constraints:

min f(z,y*(z)) st. z€X, y*(z) € argmin gz, y), (1.3)
{y:hi(z,y)<0, i=1,....k}

where f(z,y) : R" x R™ — R is (possibly) a non-convex function, also with the lower-level objective
function g(z,y) : R™ x R™ — R and the constraints h;(z,y) : R” x R™ — R and X is a compact
set. We refer to lower-level constraints as coupled, meaning that (at least one) of the constraint
functions h;(z,y), i € [k], depends on both x and y. Otherwise, they are referred to as uncoupled.
If the constraints of the lower-level problem are uncoupled, many algorithms have been studied to
deal with such problems. However, these algorithms fail to solve coupled constrained problems. While
there are studies addressing coupled constrained BLO, they typically rely on strong assumptions
and often only guarantee asymptotic convergence. For more details about these existing works,
see Section 1.1. To avoid assumptions that are difficult to verify and to achieve non-asymptotic
convergence results, in this work we propose a barrier function-based method for BLO. More
specifically, we consider a smooth approximation of the original problem (1.3) as follows

k
min f(r,y) st @ €X,y=argming(r,y) = g(z.y) - ty log(—hi(z,y)),  (14)
yek™ i=1

where t is a sufficiently small fixed constant. That is, we transform the lower-level constraints
into a log-barrier added to the lower-level objective function, thereby converting the lower-level
problem into an unconstrained one. Theoretically, this transformation makes the gradient of the
hyperfunction computable, allowing us to use the standard implicit function approach to solve
the resulting BLO problem efficiently and with theoretical guarantees. Practically, log-barrier
reformulation models decision-making processes more realistically: instead of abruptly rejecting a
decision at the boundary, it gradually decreases acceptance as the decision variable approaches the
boundary, simulating a continuous and natural decline in feasibility.

Next, we will review related works for solving various forms of BLO problems discussed so far.

!Note, such a function exists under certain conditions, which can be broader than the one stated above; We will
discuss those conditions in detail later.



Algorithm ‘ g(z,y)&h(x,y) ‘ Reformulation ‘ Complexity Nonstandard Assumptions

IGBAT S-C&C BR non-asymptotic needed
GAM S-C&C opP asymptotic not needed
BSGT S-C&C KR asymptotic needed
iP-DwCAT J-W-C&J-C MVFR asymptotic needed
APPMT C&C VFR non-asymptotic needed
BiC-GAFFAT C&C LPR non-asymptotic needed
IGOGIC S-C&L LPR non-asymptotic needed
BLOCCT S-C&C LPR non-asymptotic needed
BFBM (proposed) | S-C&C or L&L BR non-asymptotic not needed

Table 1: Comparison of BFBM algorithm (our proposed Algorithm 1) with different algorithms for addressing
coupled constrained BLO problem: IGBA (Tsaknakis et al., 2023b), GAM (Algorithm 1 in Xu and Zhu (2023)), BSG
(Giovannelli et al., 2021), iP-DwCA (Gao et al., 2023), APPM (Algorithm 4 in Lu and Mei (2024)), BiC-GAFFA (Yao
et al., 2024), IGOGIC (Algorithm 5 in Kornowski et al. (2024)), BLOCC (Algorithm 1 and 2 in Jiang et al. (2024)).
BR means barrier reformulation; KR means KKT-based reformulation; MVFR means relaxed Moreau envelope-based
Value function reformulation; VFR means Value function reformulation; LPR means Lagrangian-based penalized
reformulation; OP means original problem. C means convex in y; S-C means strongly convex in y; N-C means
non-convex in y; J-C means jointly convex in (z,y); J-W-C means jointly weakly convex in (z,y); L means linear
in y. f means that authors did not consider the relation of the stationary point between reformulation and original
problem, or the relation of hypergradient between reformulation and original problem. Nonstandard assumptions refer
to assumptions beyond LICQ, Lipschitz smoothness, compactness, and Slater condition.

1.1 Related Works

Bilevel Optimization without lower-level constraints. BLO without lower-level constraints
has seen remarkable advancements through gradient-based approaches such as approximate implicit
differentiation (AID) and iterative differentiation (ITD). AID, utilizing the implicit function theorem,
approximates the hypergradient and has demonstrated effective finite-time, and finite sample (when
the problem is stochastic) convergence for unconstrained, strongly convex lower-level problems
(Ghadimi and Wang, 2018; Yang et al., 2021; Hong et al., 2023; Pedregosa, 2016). ITD further
enhances convergence by differentiating the entire iterative algorithm used at the lower-level, sup-
ported by substantial subsequent works (Maclaurin et al., 2015a; Franceschi et al., 2017; Nichol et al.,
2018; Ji et al., 2021). Utilizing AID and momentum-based algorithms, Khanduri et al. (2021); Yang
et al. (2023) achieves O(e~3) rate of convergence to achieve an e-stationary point for stochastic BLO.
Additionally, penalty-based methods have become popular, simplifying computational complexities
by transforming BLO into single-level problems using various penalty terms (Mehra and Hamm,
2019; Shen et al., 2023; Kwon et al., 2024). Both AID and ITD utilize the Hessian of the lower-level
objective for estimating the hypergradients, and a recent line of works (Kwon et al., 2023; Yang
et al., 2023) develops fully first order algorithms by leveraging finite-difference to estimate the
Hessian-vector product needed to compute the hypergradients.

Bilevel Optimization with lower-level constraints. BLO with lower-level constraints is
significantly more complex as compared with their unconstrained counterparts. Previous studies
have typically addressed upper-level constraints in various works (Chen et al., 2022a,b). Approaches
for uncoupled lower-level constraints include the SIGD method (Khanduri et al., 2023), which targets
the constraint Ay < b and demonstrates asymptotic convergence. Shi et al. (2024) proposes a double-
momentum based algorithm for lower-level constrained BLO and provides convergence analysis
toward the so-called (6, €)-stationary point, where they use a finite-difference technique to avoid the
computation of Hessian-vector product and yield a dimension-dependent rate of convergence. Works
such as Shen et al. (2023); Kwon et al. (2024) utilize penalty reformulations to handle both upper



and lower uncoupled constraints. In particular, if the lower-level constraint is a smooth manifold
(for example, a sphere), Li and Ma (2024); Han et al. (2024); Dutta et al. (2024) consider manifold
optimization techniques for efficiently solving the lower-level constrained BLO problems. However,
none of these works are able to handle lower-level coupled constraints, i.e. the situation where
the lower-level constraints vary according to z. For example, in Shen et al. (2023), the authors
introduce a penalty-based bilevel gradient descent (PBGD) algorithm that reformulates the bilevel
problem into a single-loop penalized problem solved using the projected gradient descent method.
However, despite the convexity of the feasible set V(x) := {y : hi(z,y) <0,i=1,...,k} for each z,
the product set X x Y(x) may not retain convexity. Therefore, in the case of coupled constraints,
the PBGD algorithm that transforms the original problem into a single loop algorithm will no longer
be applicable, as the domain may now be non-convex. Moreover, the method of computing the
gradient of the value function, which is necessary for the PBGD algorithm, is also not applicable
in the case of coupled constraints. In Khanduri et al. (2023), the authors employed an implicit
gradient descent-based method, but the calculation of the hypergradient is no longer applicable in
the coupled case.

When we have lower-level coupled equality constraints which are affine in y (e.g. {y : h(z)+ Ay =
c}), Xiao et al. (2023) considers a direct extension of AID-based method for hypergradient estimation.
The key in their analysis is that equality constraints will not affect the differentiability of the lower-
level solver y*(z) (see Lemma 2 in Xiao et al. (2023)). Another work that deals with lower-level
equality constraints is Kornowski et al. (2024), where the authors propose a finite-difference
approximation method for the hypergradient, provided that the lower-level equality constraint is
linear for both x and y.

However, lower-level (coupled) inequality constraints are much harder to deal with since inequality
constraints will result in a nonsmooth lower-level solver y*(z). In Giovannelli et al. (2021), the
authors consider stochastic BLO with lower-level coupled inequality constraints and provide an
asymptotic convergence analysis to the stationary point under the assumption that for each x, there
exists a lower-level solver y*(x) satisfying the lower-level KKT conditions such that LICQ, strict
complementarity slackness condition (SCSC) and second-order sufficient condition (SOSC) are also
satisfied. Xu and Zhu (2023) proposed a gradient approximation scheme for the hypergradient
also under LICQ assumptions on the lower-level constraints and proved its asymptotic convergence
to the stationary points. Gao et al. (2023) consider a Moreau Envelope-based algorithm and
obtain an asymptotic convergence result. Recently, Jiang et al. (2024) considered a penalty-based
primal-dual reformulation to translate the BLO with lower-level coupled constraints problem into a
single-level minimax optimization. The authors proved a non-asymptotic rate of convergence for the
reformulated problem toward e-stationary points under the assumptions that LICQ is satisfied at
each point and an upper bound for the dual variable (see Lemma 2 in Jiang et al. (2024)). Beyond
LICQ, they also need a curvature condition assumption on the multipliers to obtain this convergence
result (see Assumption 5 in Jiang et al. (2024)), and such an assumption is often not easy to verify.
Another recent work Yao et al. (2024) also considers a penalty-type reformulation and provides
a non-asymptotic rate of convergence toward the e-stationary point of the reformulated problem.
However, this algorithm is largely an infeasible algorithm and needs an explicit assumption on the
upper bound of the function value at each iteration in order to achieve feasibility. Lu and Mei (2024)
also considers a penalty reformulated problem of the lower-level constrained BLO and shows the
asymptotic convergence toward stationary points under appropriate assumptions. When each of
the coupled constraints is linear to both z and y, Kornowski et al. (2024) proposes a penalty and
finite-difference based algorithm which converges to (4, €)-stationary point with a non-asymptotic
rate under the assumption of having access to the optimal dual variable, which is difficult in practice.
We summarize these literature on BLO with lower-level coupled inequality constraints along with



our proposed algorithm in Table 1.

A recent work Tsaknakis et al. (2023b) proposed a certain barrier approximation approach for
BLO problems. Despite the fact that the idea of using barrier approximation is close to the current
work, the relationship between the reformulation and the original problem is not fully investigated.
Further, an explicit and unconventional assumption on the lower-level constraint function values is
imposed to achieve theoretical convergence. Moreover, a black-box lower-level solver is required to
avoid the non-Lipschitz smooth nature of the barrier reformulated lower-level problem.

Additionally, it is worth mentioning that the coupled constrained problem has recently been
investigated for a special subclass of the BLO problem: the minimax problem. Tsaknakis et al.
(2023a) defined a type of local minimum point for minimax problems with coupled constraints and
designed an algorithm that converges to such points.

1.2 Contributions

As mentioned before, in this work we propose a reformulation (1.4), and show that it approximates
well to the original problem (1.3), in terms of both function values and gradients. Further, we
propose an algorithm that optimizes the reformulated problem, and analyze its non-asymptotic
convergence under mild conditions. Our main contributions are summarized below:

1. To our knowledge, this is the first work that systematically study the approximation error
between the barrier reformulated problem (1.4) and the original problem (1.3) in terms of both
hyperfunction values and hypergradients®. In particular, we show that approximation errors
of hyperfunction values can be properly quantified not only when the lower-level objective g is
strongly convex in y and the constraints h;(z,y)’s are convex in y, but also when the lower-level
objective g and constraints h;(z,y)’s are all linear in y. To the best of our knowledge, we are
the first to prove such a result for the latter setting. We also proved the asymptotic convergence
of hypergradient at SCSC point (see Definition 3.1) as the barrier coefficient ¢ goes to 0
within these two settings. To show these results, we develop several novel proof techniques.
In particular, we first show lim; o y; () = y*(x) where y*(z) and y/(x) are the optimal
lower-level solution for (1.3) and (1.4) respectively. We further show that differentiation and
limits are interchangeable, i.e. lim; o V,y; () = V, limy_0 y; () = V,y*(z), by establishing
the uniform convergence of V,y;(z). This interchangeability is crucial for the convergence of
the hypergradient.

2. Based on the previous contribution, we develop a new adaptive algorithm that theoretically
achieves non-asymptotic O(1/(€2t45)) convergence rate to the e stationary point of the barrier
reformulated problem (1.4) under mild assumptions. One challenge in our algorithm design and
analysis is that g;(z, y/(x)) explodes when h;(z,y/(x)) is close to zero, so the hyperfunction
and lower-level problem of (1.4) may not enjoy global Lipschitz gradient property. To overcome
this difficulty, we present a key result (in Theorem 4.1), which states that if h;(z, y;(x)) tends
towards zero as t approaches zero, it does so at most linearly with respect to t, and the linear
coefficient is independent of both ¢ and x. This result allows us to transform the original
non-Lipschitz smooth lower-level problem into a Lipschitz smooth one by shrinking the feasible
set of the lower-level problem, and to design the step sizes for the outer loop adaptively.
Additionally, under strongly convex setting, when assuming that the upper-bounds for some
provably bounded terms are known, the convergence rate can be improved significantly to
O(1/(2t19)).

2Note that the approximation error in terms of hyperfunction values when g is strongly convex is first studied in

Tsaknakis et al. (2023b), whereas the hypergradient is not studied before.




3. We provide numerical experiments on a class of strongly convex lower-level problems and a
class of linear lower-level problems, both with linear inequality constraints. We compare our
method with a number of existing works and verify the effectiveness of the proposed method.
Our algorithm is the only one that always guarantees that the obtained solution is feasible for
the lower-level problem, and it is the most effective algorithm among those we tested when
lower-level is a linear program.

1.3 Notations and Terminology

The basic notations used throughout this paper are introduced in this section. Additional notations
can be found in Appendix B.1 for clarity and reference:

e R" is the Euclidean space of dimension n, (-,-) and || - || are the canonical inner product and
norm of Euclidean space;

e B,(r) is the ball centered at the point x with radius r, i.e. By(r) ={z e R" : ||z —z|| < r};

e Let y*(x) and y;(z) be the optimal solution set of the original problem (1.1) and the barrier
reformulation problem (1.4) respectively;

o Let ¢(z) and ¢(x) be hyperfunction (see (1.2) and (3.1) for definition) of the original
problem (1.1) and the barrier reformulation problem (1.4) respectively, and g;(x,y) =
g(z,y) —t Zle log(—h;(z,y)) be the reformulated lower-level objective function;

e Define Y(z) :={y: hi(z,y) <0, i =1,...,k} as the feasible set of lower-level problem, and &
is the number of constraints for lower-level problem;

e O(-) represents O(-) with logarithmic term omitted.

2 Motivating Application

Let us briefly discuss a few applications for the considered BLO problems.

Linear Setting: In the first setting, both g(z,y) and h;(z,y) are linear functions of y for any
i. One relevant application is the bilevel price-setting problem in the transportation context (see
Labbé and Violin (2016)), which can be formulated as:

max Tz (2.1)
T

st.  (x,y) €arg mingy, (c;+7T) 'z +cgy
st. A(T)x+ A(T)y > b(T), z,y>0

where T € R% is the upper-level decision variable, representing the tax value, and (x,7) € R% x R%
are the lower-level decision variables, corresponding to the allocation of transportation activities
across taxable and untaxable routes. The matrices A;(T') € R¥*% and Ay(T) € R¥*% represent
the constraints that govern the feasibility of transportation along taxed and untaxed routes.

In this specific transportation setting, the leader is a regulatory authority or city planner, who
decides the tax value T' on transportation activities. The leader’s goal is to maximize the revenue
from the tax, represented by T'Tx. The follower is a freight transporter who needs to minimize
their total transportation cost, which includes both the tax on taxable routes and the cost of using
taxed and untaxed routes. The cost function is (¢; + T )Tac + cQT y, where ¢; and co are the cost



coeflicients for the taxable and nontaxable routes, respectively, and T adjusts the cost of the taxable
routes. The matrices A1 (T) and As(T') represent coefficients that influence the capacity or feasibility
of using taxed and untaxed routes for transportation, and b(7") means demands from different
customers. These matrices depend on T because the tax may impact the availability or cost of
using taxed routes. The inequality Ay (T) @ + Aa(T) "y > b(T) ensures that customer demands are
met. The constraints x,y > 0 enforce that the quantities of goods transported along both types of
routes cannot be negative, reflecting the real-world constraint that transportation volumes must be
non-negative.

Strongly Convex Setting: In the second setting, g(z,y) is strongly convex, and h;(z,y) are
convex in y for any ¢. The primary applications in this setting arise from machine learning. For
example, support vector machines (SVM) inherently possess a bilevel optimization structure, where
hyper-parameter optimization can be framed as a constrained BLO problem; we refer the readers to
recent works such as (Jiang et al., 2024; Xu and Zhu, 2023) for more detailed discussions.

3 Barrier Reformulation of Bilevel Problems

In this section, we will explore the hyperfunction of the barrier reformulation (1.4), defined below,
and its relationship with the hyperfunction of the original problem (1.3):

k

Gi(x) = f(@,y; (x)), where y;(z) = azgﬂglinﬁt(w,y) = g(z,y) —t)_log(—hi(z,y).  (3.1)
erm™ i=1

Specifically, we first demonstrate that the barrier reformulation is differentiable under certain
conditions. This is mainly because the lower-level problem is strictly convex (see Proposition
3.1). Subsequently, we investigate the convergence of the function values and gradients of the
hyperfunction as t approaches 0, under various different assumptions of the lower-level problem.

3.1 Preliminaries

In this section, we study some basic properties of the barrier reformulation problem (1.4). We make
the following assumption throughout this section.

Assumption 3.1. The following holds for every x € X,y € Y(z), andi € {1,....,k}
1. f(x,y) is once while g(x,y) and h;(xz,y) are twice continuously differentiable;

2. X is convex and compact, and for any x € X there ezists y € Y (x) such that hi(z,y) < 0 for
any i € {1,2,...,k};

3. Linear Independence Constraint Qualification (LICQ) is satisfied for any (x,y) where x € X
and y € y*(r) = argmingecy ;) 9(2,9), i-e. the gradients {V hi(z,y) : i is active} are linearly
independent for any x € X and y € y*(x).

Assumption 3.1(1) is a basic assumption in the BLO literature (Ghadimi and Wang, 2018; Hong
et al., 2023; Xu and Zhu, 2023). Assumption 3.1(2) says that Slater’s condition is satisfied for
any x which is a common assumption for studying BLO problems under constraints (Tsaknakis
et al., 2023b; Schmidt and Beck, 2023; Beck et al., 2023). Assumption 3.1(3) is also a standard
requirement, commonly used across various studies in BLO (Jiang et al., 2024; Kornowski et al.,
2024; Khanduri et al., 2023).

Next, we have two different set of assumptions on g(x,y) and h;(z,y)’s.



Assumption 3.2. g(x,y) is pg-strongly convex in y for any x € X; hi(x,y) is conver iny for any
reX andie{l,.. k}.

Assumption 3.3. g(x,y), hi(z,y)’s are all linear in y for for any x € X and i € {1,...,k}, i.e. the
lower-level problem is a linear program, and ) (x) is compact for any x € X.

Remark 3.1. When the lower-level problem is a linear program, to make sure the feasible set Y (x)
is compact, the number of constraints should be greater than the dimension of the lower-level problem,
i.e. k>m.

The strong convexity requirement in Assumption 3.2 has been the focus of most recent research
on BLO, such as Xu and Zhu (2023); Khanduri et al. (2023); Hong et al. (2023); Yao et al. (2024).
In contrast, Assumption 3.3, which requires that the lower-level problem is a linear program, has
not yet been explored. The compactness of the feasible set in the lower-level problem is a technical
assumption made to ensure that the hyperfunction in the barrier reformulation is differentiable,
which is observed in the following proposition. See Appendix D.1 for proof.

Proposition 3.1. Suppose that Assumption 3.1(1) and Assumption 3.1(2) hold, and either Assump-
tion 3.2 or Assumption 3.3 holds. Then gi(x,y) is strictly convex in y, and ¢(x) is differentiable
foranyt >0 andxz e X.

We note that the above result holds regardless of the number of the lower-level optimal solutions
for the original problem (1.3). The differentiability of &t(a:) allows us to design algorithms for the
barrier reformulated problem. However, before we design algorithms, we need to understand the
relationship between ¢;(z) and the original hyperfunction ¢(z).

3.2 Convergence of Hyperfunction Value for Barrier Reformulation

In this section, we study the relationship between the hyperfunction of problems (1.3) and its
barrier reformulation (1.4). Such a study is critical as it helps reveal the utility of the proposed
reformulation.

Under Assumption 3.2 where the lower-level problem is strongly convex in y, it can be shown
that hyperfunction of the original problem and that of the barrier reformulated problem can be
bounded uniformly (see Tsaknakis et al. (2023b)):

Theorem 3.1 (Lemma 1 in Tsaknakis et al. (2023b)). Suppose that Assumption 3.1(1), 3.1(2),
and Assumption 3.2 hold. If f is Lipschitz continuous with coefficient Ly, then the following holds:

_ 1/2
) - o)) < £ (24)
Hg
Under Assumption 3.3, i.e. the linear setting, we aim to establish the error bound between the
hyperfunction values as a function of ¢ when y*(z) is unique. The reason that we do not attempt to
show global uniform bounds is that in the case where the lower-level problem is a linear program,
the hyperfunction of the original problem may be discontinuous, and even for the continuous points,
the bound may not be uniform. Below we provide an example.

Example 3.1. Consider a BLO with f(x,y) = y1 with x € R, y = (y1,y2)" € R%. Further, the
lower-level problem takes the following form:

myin 9(z,y) == zy1 +y2



s.t. Y2 > 07 Y1 > _17 Y1 < 1.

It is easy to see that the lower-level problem has the following solutions:

(—1,0), if x>0
arg mying(x,y) =4 [-1,1] x {0}, ifx=0
(1,0), if x <O0.

The barrier-penalized reformulation of g(x,y) is:

gi(w,y) = xy1 +y2 — t(log(y2) + log(1 — y1) + log(1 + y1)).

Direct calculation shows that its stationary point is

{0, ifx =0
yl: t—/t2 2 .
t=vitta® vx-ﬁ-r ifx#0

)
Y2 = t.
The hyperfunction of the original problem is
-1, ifxz>0
¢(x) = )
1, ifx <0
and the hyperfunction corresponding to the barrier-penalized reformulation is

~ 0, ife=0
() = {m/m if 0.

)

However,

$:(0) — (15(0)’ =1 for any t. Moreover, when x # 0, we have |¢(x) — d(x)| = |42 “fﬂcz +
1| when x >0 or ’(Et(w) - qﬁ(x)‘ = | Vt;‘*'xz — 1| when x < 0, and both of these terms do not admit

a uniform bound with respect to t.

Clearly, the discontinuity at = 0 arises because y*(x) experiences a jump when transitioning
from z > 0 to < 0, or, in other words, y*(0) is not unique. Further, it is important to note
that even if we exclude the point 0, there does not exist a uniform error bound as a function
of ¢ and is independent of x. Therefore, under the linear setting, we will only analyze those x
that admits unique y*(z), and we seek to establish a pointwise convergence relationship, that is,
limy,0 ¢1(x) = ¢(z). In the case where the lower-level problem is simply a linear program the
uniqueness of the solution then depends on its dual solution being non-degenerate. Since vector
x plays the role of the right-hand side of the dual constraints in this case, if x is subject to small
perturbations or imprecision then by the perturbation theory for linear programming, the dual
optimal solution of the lower-level problem is likely to be non-degenerate after perturbation. Hence,
the primal, which is the lower-level problem itself, will likely have a unique optimal solution in that
case.

To proceed with our analysis, we first present the following known result (exercise 11.12(b) in
Chapter 11 of Boyd and Vandenberghe (2004)).

Lemma 3.1 (Optimality gap). Suppose that Assumption 3.1(1), 3.1(2) hold, and g(z,y), hi(z,y)’s
are convex in y, then we have the optimality gap

9(x, y; (2)) — gz, y"(x)) < kt.



To use the above result under linear setting, note that if y*(z) is unique, then for any point y
within the feasible region of the lower-level problem, the cosine of the angle between y — y*(z) and
the Vyg(z,y*(x)) has a positive lower bound for any fixed x, which we denote as 7(x), i.e.

T(w) — argmin <y — y*(a:),Vyg(:c,y*(a:))> )
yev() 1Y — v (@[ Vyg(z, y* ()]

It follows that:

9(z,y) — g9(z, y"(x)) = (y —y" (@), Vyg(x,y"(2))) = 7(@)[[Vyg (@, y" (@)l - ly — y" ()]
By uniqueness of y*(x) and Slater condition, V,g(z,y*(x)) # 0, then we obtain:

1
IVyg(z,y* (@)

ly —y*(z)]| < (@) (9(z,y) — g(z,y"(x))) . (3.2)

Combining Lemma 3.1, we obtain

kt
IVyg(a, y* (@)l

If we further assume that f(x,y) is Ly-Lipschitz continuous, then

[G1(w) = $()] = | f (2,57 (@) = f(a,y" (@)] < LfT(x)HVyng;7 y* (@)

To conclude, we establish the following theorem:

Theorem 3.2 (Hyperfunction value convergence under Linear setting). Suppose that Assumption
3.1(1), 3.1(2), and Assumption 3.3 hold. If f(x,y) is Lipschitz continuous with coefficient Ly and
y*(z) is unique at point x, then

kt
(@)IVyg(, y* ()|’

where T(x) 1= argmingcy, cos (Vyg(z,y*(z)),y — y*(x)) > 0.

Bu(a) = o(w)| < Ly -

3.3 Convergence of Hypergradient for Barrier Reformulation

In this subsection, we explore the convergence behavior of the hypergradient of the barrier refor-
mulation V,¢:(z) as t goes to zero. Understanding this convergence is vital because optimization
algorithms commonly converge to points where the gradient is zero. Therefore, it is crucial to
ensure that when V,¢.(x) approaches zero, V,¢.(x) also becomes sufficiently small. Since the
hyperfunction of the original problem may be discontinuous (under linear setting, see Example 3.1)
or non-smooth (under strongly convex setting, see the example in Khanduri et al. (2023, Page 3)),
we aim to show asymptotic convergence at the smooth points of ¢(z).

We present the following definition as an essential characterization of the smoothness of the
original problem.

Definition 3.1 (SCSC point). Suppose Assumption 3.1 holds. We say x is an SCSC (Strict
Complementarity Slackness Condition) point if for any y € y*(z), we have that h;(x,y) =0
implies \i(x,y) > 0, where y*(x) is the set of optimal solutions for the lower-level problem, and
Ai(x,y) is the optimal Lagrangian multiplier corresponding the the i-th constraint.
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We first provide a remark regarding the notation of the multipliers.

Remark 3.2. Under the strong convex setting, y*(x) is unique, so A\i(x,y*(x)) only depends on x.
Under the linear setting, although y*(x) is not unique and forms a set, due to the LICQ assumption,
the value of the multiplier \;(z,y) actually is independent of the choice of y in the optimal solution
set y*(x). For the specific proof, see (a)=(b) part of the proof of the following Proposition 3.2.
Therefore, in both cases we denote \i(x,y*(x)) simply as \i(xz) without loss of generality.

Note that V,é(z) = V. f(z,y) + (Vay* (z)) "V, f(z,y), the existence of V,y*(x) is a sufficient
condition of the differentiability of the hyperfunction ¢(z). The following proposition shows the
relation between SCSC point and the existence of V,y*(z). Please see Appendix E.1 for the proof.

Proposition 3.2. Suppose Assumption 3.1 holds. We have the following results:
1. If Assumption 3.2 holds, then x is an SCSC point implies V,y*(x) exists, but not vice versa;
2. If Assumption 3.3 holds, then following conditions are equivalent:

(a) x is an SCSC point;
(b) y*(x) is unique;
(c) Voy*(z) exists.

We point out that Khanduri et al. (2023, Page 3) provides an example where the hyperfunction
is nonsmooth when SCSC is not satisfied, under the case that the lower-level objective function is
strongly convex.

Next, we develop an analysis of the asymptotic behavior of the error based on the SCSC
assumption, that is, we will show limy_,g V,¢(x) = V,¢(z). By direct computation, we obtain:

lim V.6y(2) = lim (Vo f (2,57 () + (Vo (2) "V, f 37 2)) )

=1i
t—0 .

= VoS (@, y" (@) + (Im Yoy (2)) Ty f @,y (@),

Vao(@) = Vaf @,y (@) + (Vay" (@) V,f @7 (2)):

Thus, the core issue is to prove that the Jacobian matrix converges, i.e. lim;_,o0 V,y; (z) = Vzy* ().
We will prove this conclusion separately for the linear and strongly convex settings.

First, under the linear setting, the proof is relatively simple. This is because lim;_o V,y; ()
has a very straightforward form, and V,y*(x) also has a simple local expression (see (E.16)), which
exactly equals limy_,o V,y; (z). In particular, we have the following result, whose proof can be found
in Appendix E.2.

Theorem 3.3 (Jacobian convergence under Linear setting). Suppose Assumption 3.1, 3.3 hold. If
x is an SCSC point of BLO problem (1.3), then we have lim;_o V,y; (z) = V,y*(x).

Under the strongly convex setting, the situation is more complicated. The reason is that
lim;_,0 Vy; () becomes very difficult to determine. Even though V,y*(z) is computable (Giorgi
and Zuccotti, 2018, Section 3), proving that it equals lim;_,o V,y; (z) becomes extremely challenging.
Therefore, we use a different method to prove the conclusion.

Note that under the strongly convex setting, y; (z) uniformly converges to y*(z), which is a direct
consequence of the optimality gap in Lemma 3.1. To prove lim; o V,y; () = Vg im0 v/ (2) =
V.y*(x), we essentially need to show that differentiation and limits are interchangeable. A common
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sufficient condition for this interchangeability is that the Jacobian matrix V,y/(x) converges
uniformly in a neighborhood around x. By proving the uniform convergence of y;(z) to y*(z)
(see Lemma B.1 in Appendix B.2) and local uniform convergence of V,y/(x) (see Lemma E.7
in Appendix E.3) of the Jacobian around the SCSC point, we are able to obtain the following
conclusion.

Theorem 3.4 (Jacobian convergence under Strongly convex setting). Suppose Assumption 3.1,
and Assumption 3.2 hold, i.e. when g(x,y) is strongly convez in y. If x is an SCSC point of BLO
problem (1.3), then we have limy_,o V3 (z) = V,y*(z).

To conclude, we have the following main result for the hypergradient convergence in two cases.

Theorem 3.5 (Hypergradient convergence). Suppose Assumption 3.1 holds, and either Assumption
3.2 or Assumption 3.3 holds. If x is an SCSC point of BLO problem (1.3), then lim;_,o Vii(x) =
Vd(x), where Vo oi(x) is the hypergradient of the barrier reformulation (1.4).

The reader may wonder if the above convergence can be made uniform. However the remark
below indicates that such a form of convergence is impossible.

Remark 3.3. Denote the set of SCSC points as X. Under Assumption 3.1, Assumption 3.2 or
Assumption 3.3, it is impossible to get uniform error estimation between V p(x) and V ¢:(x) even
on the set X. This is because if the convergence of hypergradient for the barrier reformulation would
be uniform on 2?, then it is not hard to prove that V,¢(x) is well defined for any x on the boundary
of 2?, denoted as OX. However, the hypergradient of the original problem may not be well defined at
some point on OX (see Example 3.1 and the example in Khanduri et al. (2023, Page 3)), which
leads to a contradiction.

4 Algorithm Design

So far we have studied the relations between the original problem (1.3) and the barrier reformulated
problem (1.4), including the function and gradient approximation errors. Now we turn to focus on
the algorithm design for solving the barrier reformulated problem (1.4) and provide both theoretical
and numerical evidence to support its effectiveness. We aim at designing algorithm that works both
for the linear and the strongly convex setting. To concisely state the assumptions required for this
section, we present them as follows:

Assumption 4.1. g(z,y) is pug-strongly convez in y for any x € X; hi(z,y) is convex in y for any
x€ X and i€ {1,.., k}.

Assumption 4.2. g(z,y), hi(z,y) are all linear in y for any x € X and i € {1,....k}, i.e. the
lower-level problem is a a linear program.

Note that we only require one of the above two assumptions. Designing an algorithm that
works for both settings is highly non-trivial since we lose the global Lipschitz gradient for the
lower-level problem for both settings due to the existence of the log-barrier in (1.4), and the Lipschitz
smoothness of the hyperfunction ¢; is largely unknown. In Tsaknakis et al. (2023b), to avoid this
difficulty, the authors impose an assumption (Assumption 3 in Tsaknakis et al. (2023b)) over the
function values of h; at the lower-level optimal points that directly results in the Lipschitz smoothness
of the lower-level problem and hypergradient. However, this assumption is not verifiable and the
level of difficulty drastically increases without such assumption. We thus design our algorithm by
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carefully controlling the local Lipschitz smoothness constant around the lower-level optimal solution
at each step, and meticulously controlling the stepsize for each update point. To proceed, we first
impose the following assumptions.

Assumption 4.3. The following holds for every x € X,y € Y(z), andi € {1,....,k}
1. f(x,y) is one time and g(x,y), hi(z,y) are two times continuously differentiable;

2. X is convex and compact, and for any x € X there exists y € Y (x) such that hi(z,y) < 0 for
any i € {1,2,...,k};

3. For any x € X, Y(x) is compact, and ||y|| < R for any y in Y(x);

4. LICQ is satisfied for any (z,y) where x € X and y € y*(x) = argmingecy(,) 9(z,y), i.e. the
gradients {Vyhi(x,y) : i is active} are linearly independent for any x € X and y € y*(x).

Note that differently as Assumption 3.2, we have assumed the compactness of Y(z) for both the
linear and the strongly convex setting. We also need the following smoothness assumptions.

Assumption 4.4. The following holds for every x,= € X,y,y € Y(z), and i € {1,...,k}
1V @y flzy)ll < Ly;
2. IV @y f(@:9) = Ve f@ DI < Lyll(z,y) — @, 9)|;
8. NV 9(z,y)ll < Ly;
4 IViy9(z,9)|l < Ly; IV2,9(z,y)|| < Ly;
5. V2,9, y)~V2,9@ DI < Ll (z,9) =@ D) V2,90, 1)~ V,9@ D) < Lyl y)-@ Dl;
6. [[Vyh(z, 9l < Ln;
7 Ve k(x| < Li; Vi, h(z, 9)ll < Li;

2 2 1= = T
8. ’vayh(xay) - nyh(l‘,y)u < Ly
@, 9)|-

‘(:L‘,y) - (an)n’ Hvzyh(‘rvy) - vah(Evg)H < fh”(xvy) -

These assumptions, except Assumption 4.4(3), are standard in BLO literature such as Ghadimi
and Wang (2018); Tsaknakis et al. (2023b); Shen et al. (2023). Assumption 4.4(3), which is an
assumption of an upper bound for Vg(z,y), can be implied by the compactness of Y(x) and X.

4.1 The Proposed Algorithm

Now we are ready to establish the algorithm framework. We follow the standard bilevel implicit
gradient method as in Ghadimi and Wang (2018); Ji et al. (2021); Hong et al. (2023), where we
estimate the hypergradient V,¢(x) at each update point x and conduct a gradient descent update
to get the next iterate.

Specifically, we first find the approximate optimal solution g of the lower-level solver y*(z) for
a fixed z, and such ¢ is obtained by some careful design (see Algorithm 2). In particular, since
the lower-level objective ¢g; is not globally Lipschitz smooth in y, we need to carefully shrink the
feasible set and estimate a local Lipschitz smoothness constant in the shrunk set, which is reflected

13



in Step 3 of Algorithm 2. Then an accelerated gradient descent step is employed to approximate
the lower-level optimal solution in Step 4 of Algorithm 2.

Upon obtaining the approximate optimal lower-level solution, we further design the update for
variable z in Algorithm 1. In particular, we use the implicit gradient methods to compute the
approximate gradient of the hyperfunction, which is

Vaedi(2) = Vo f(a,5) — V2,02, 9) (V2,5:(2.9) " Vyf (2,9),

where recall that the barrier reformulation for the lower-level problem is defined as

k
ge(w,y) = g(w,y) —t Y _ log(—hi(x,y)). (4.1)
i=1

The main technical challenge to analyze the proposed algorithm is that the hypergradient may
suffer from non-Lipschitzness due to log barriers, similarly as the lower-level objective. In addition,
the inexact lower-level solution ¢ introduces approximation errors to the exact lower-level solver
y*(z) which further increases the difficulties of the analysis. We overcome these difficulties and
obtain an O(1/€?) rate of convergence (Theorem 4.3) by carefully designing the upper-level stepsize
7ns, which contains the information of local Lipschitz constants for the hypergradient. See Section
4.2 for details of the convergence analysis.

Algorithm 1: Hypergradient Based Bilevel Barrier Method for (1.4)
Step 0: Initialization. Given an initial point xg, the accuracy level ¢, total iteration S.
for s=0,1,...,5 do
Step 1: Solve the inner loop. Solve the lower-level problem for g, via Algorithm 2
such that [|gs — y*(zs)|| < €s.
Step 2: Update z;. B
Compute the following approximate gradient of ¢.(z) at

@J%(fﬂs) = sz(:ns, Z)s) - vmyﬁt(ws’@s)(vzygjt(ws’@S))_lvyf(x&%)

Update x5 by

Ts+1 = pI’OjX (-Ts - ns?xfgt(xs))

| where the stepsize 7y can be calculated according to (4.7) in Theorem 4.3.

Output z, with s = argmin5:07._.7s_1{n%Hxs — Zsy1|}

4.2 Convergence Analysis

Now we aim to develop an algorithm with non-asymptotic convergence rate. We first discuss the
main difficulty.
Technical Difficulty: Algorithm 1 leverages the following approximation for the hypergradient:

§$$t<x) - va(‘r7 Z)) - v:%ygt('x? :l)) (vzy:gvt(xv g))_l Vyf(xa ?9)7
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Algorithm 2: lower-level solver for Algorithm 1

Step 0: Initialization. Given reference point x;, stepsize v, and constant d = 1.
Step 1: Find the initial d such that ); is nonempty.
while V;(xs) :=={y : hi(zs,y) < —d, i =1,...,k} is empty do

B d=d/2

Denote ds := d and initialize yo € Vg, (zs),
Step 2: Estimate the local Lipschitz smoothness constant.

1. Compute scalar mg by replacing d in (4.2) with ds from Step 1. Thus y; (zs) is contained
in YV, (xs) :={y: hi(zs,y) < —mg, i =1,...,k};
2. Compute the Lipschitz smoothness constant Lg, ,,. of g:(z,y) in y on Y, (s); L

gi,ms €A1
be computed by replacing m in (4.3) with ms.

Step 3: Update based on current estimate of Lipschitz smoothness constant. for

i=0,1,..,J = 1:=O(/Lg, m./ 1z log(1/es)) do

Update

Yo if =0
W = \/;U'Et/z} ms . .
J+—(yj—yj—1) if j > 1,
1+\/ g,/ Lgymes

1

Yj+1 = PrOJyMS (z) (yj - Dvyﬁt(ﬂf&w)) )
gt,Ms

where the strongly convexity constant ug, is from Proposition 4.1.
Step 4: Output results. Output s := ys and constant ds, ms.

and it is necessary to estimate the Lipschitz constant of @zaﬁt(a}), which further requires an upper
bound estimate of Viyﬁt(aj, 9). By directly computing the mixed Hessian (or referred to as Jacobian)

N ) Vaehi(z,9)Vyhi(z,9)T
) ; Z/) Y
VayGe(@,9) = Va,9(z.§) + Z ( o hi(x,9) ’

we need a negative upper bound estimate of h;(x, ), which can be achieved by upper bounding
hi(z,y; (x)) if hi(x,9) and h;(z,y; (z)) are close to each other. However upper bounding h;(z, y; (z))
is hard: if ¢ is sufficiently small, for those indices i that are active in the original problem, h;(x, y;(x))
will also approach zero. On the other hand, in order to make sure that h;(z, ) and h;(z, y; (x))
are as close as possible, we need to design an effective algorithm for the lower-level problem. It
is challenging to design an effective algorithm: due to the log-barrier, the gradient of barrier
reformulation g;(x) tends to explode near the boundary, making it not globally Lipschitz smooth.
Specifically, observe that the gradient of lower-level problem, given below

Vygi(z,y) = Vyg(z,y ”ZW

may goes to infinity when —h;(x,y) goes to zero. To overcome this, we consider the lower-level
problem in a shrunk set Vy(z) := {y : hi(z,y) < —d, i =1,...,k}. In order to determine the size of
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d, such that y; (z) is still in this shrunk set Vg(x), we need to identify a negative value that upper
bounds h;(z,y; (z)). The next result establishes such an upper bound. Please see Appendix F.2 for
proof.

Theorem 4.1. Suppose 0 < t < T, Assumption 4.3(1)(2)(3) and Assumption 4.4 all hold, and
either Assumption 4.1 or Assumption 4.2 holds. For a fized x, if minyeyy){max;eqi . xy hi(2,y)} <
—d < 0. Then for any i € {1,...,k}, we have hi(x,yf(x)) < —m, where

e d
== min<t — 5. 4.2
1= { AdRL, + ARTkL, 2 } (42)

Remark 4.1. Theorem /.1 still holds when g(x,y) is non-convex in y, and h;(x,y) is convex in y
for any i. In this case, for m computed in (4.2), hi(z,y) < —m holds for any y in the set y;(x).

Theorem 4.1 provides an interesting way to estimate the negative upper bound at the optimal
point h;(z,y/(x)): as long as there exists a tuple (y,d) in such that y € Y(x) and h;(z,y) < —d
for any 1, it is possible to compute the desired negative upper bound. This enable us to solve the
aforementioned difficulty without explicitly assuming a negative upper bound at the optimal point.

The next result computes the strong convexity constant of lower-level penalized objective g;(z, y),
allowing us to use accelerated gradient methods to obtain the global optimal solutions. The proof is
provided in Appendix F.1.

Proposition 4.1. Suppose the assumptions in Theorem 4.1 are satisfied, then for any fix x and t,
the barrier reformulation for the lower-level problem, expressed in (4.1), is pg,-strongly convex in
ye{y:hi(r,y) <0, i=1,...,k}. Further

1. pg, = pg when Assumption 4.1 holds;
2. pg, = ty7z when Assumption 4.2 holds, for some constant H and o be defined as follows:

e Denote o(x) as the smallest eigenvalue of the following matriz (which is independent of
y due to the linearity of the lower-level problem)

(Vyha(z,y), -, Vyhi(e, ) (Vyhi(z,y), - Vyhi(z,y)).

Then set 0 := mingecy o(x). We also have o > 0;

o H:=sSupjc(1, i} acxyey, —hi(z,y). We also have H < occ.

Remark 4.2. When Assumption 4.2 holds, i.e. the lower-level problem is a linear program, the
constant of strong convexity depends on o, which is hard to compute for many applications. In
practice, it can be made more computable by adding a constraint hy1(z,y) = |ly|> < R? where
R is from Assumption 4.3. Adding this constraint will not affect the original problem because the
feasible set of the original problem is already contained within that ball, and we can immediately
obtain gi(x,y) is %—strongly conver.

Before proceeding to resolve the technical difficulty we discussed before, we need to emphasize
the following remark:

Remark 4.3. The assumed compactness of X and the Slater condition implies that there ex-
ists a positive constant D such that {y : hi(z,y) < —D, i = 1,...,k} # 0 for any z, because
maxycy(z) hi(x,y) < 0 for any x € X. In our analysis, we need to use D when proving the con-
vergence rate; however, we do not need to know the value of D a priori during the design of the
algorithm.
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In view of Theorem 4.1 and Remark 4.3, we can immediately obtain the following global estimate
on the upper bound for the constraints h;(z, y; (x)) and h;(z,ys), which will also be used for the
further convergence proof.

Corollary 4.1. By Remark 4.3 and Step 1 of Algorithm 2, the feasibility check must terminate
when d is between D/2 to D, thus ds is greater than D/2 for any s. By replacing d with D/2 in
Theorem 4.1, we have a positive lower bound estimate of mg, denoted as M. Note that by Step 3
of Algorithm 2, the projection guarantees that §s € YV, (xs). Therefore we have hi(zs,§s) < —M
for any s and i. Since y*(xs) is also in Y, (xs) by Theorem 4.1, we have hi(zs,y*(xs)) € Y (zs).
This implies hi(xs,y*(xs)) < —M for any s and i.

In conclusion, —M s the upper bound of both the exact lower-level solution h;(zs,y*(xs)), and
the inexact lower-level solution h;(xs,s) at each update point .

We are now ready to analyze the lower-level convergence of Algorithm 2. We first have the
following Lipschitzness property for the barrier reformulated lower-level problem.

Proposition 4.2. Suppose the assumptions in Theorem 4.1 are satisfied, then the following barrier
reformulated lower-level objective function

k
gt(xay) = g($7y) - tZlog(—hz(x, y))
i=1

is Lg, m-Lipschitz smooth with respect to y in the set Ym(z) :={y : hi(z,y) < —m, i =1,...,k} for
any x, and

tkfh_+tkLz

L )
m m2

Geom = Zg + (4.3)
The proof of Proposition 4.2 is available in Appendix F.3. Now we state the convergence of the

lower-level Algorithm 2.

Theorem 4.2. Suppose Assumption 4.3(1)(2)(3) and Assumption 4.4 all hold, and either Assump-

tion 4.1 or Assumption 4.2 holds. For the output of Algorithm 2, within O(\/ Lg, m,/#ig, log(1/€s))
number of iterations, we have

lys — i (2)]| < es.

Denote ks = Lg, ;. /115, then ks has a upper bound estimate k = Lg, pr/pg,, where g, is from
Proposition 4.1, Lg, pr can be computed by replacing m in (4.3) with M from Corollary 4.1, and

Lg, m, can be computed by replacing m in (4.3) with mg from the Step 2 of Algorithm 2.

The proof follows the standard proof of the convergence of the accelerated proximal/projected
gradient descent (see Nesterov (2012)) since the lower objective g; is both Lg, ,,, Lipschitz smooth
and pig, strongly convex in the region ), (x). By Corollary 4.1, m, has a lower bound estimate M,
so Lg, m, has a upper bound estimate Lg, 57, which means «, has a upper bound estimate Lg, rr/pg,,
denoted as k. The proof is complete.

Remark 4.4. We remark that the feasibility check (Step 1 of Algorithm 2) is achievable by the
following scheme: let us assume that a solver is available, which is capable of computing the projection
operation of a point onto a non-empty convex set. To determine whether the set {y : hi(z,y) <
—d, i =1,....,k} is non-empty, we can employ the solver to project any arbitrary point onto the set.
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If this solver can return a solution, then we confirm that the set {y : hi(x,y) < —d, i = 1,...,k}
1s indeed non-empty. Conversely, if the solver can not return a solution, then the set is empty.
Therefore we believe that the feasibility check step is no more complicated than a projection onto a
convex set.

The upper-level problem is more challenging than the lower-level problem. This difficulty arises
because solving the lower-level problem requires only the value ds at a point xs, where there exists a
y such that h;(xs,y) < —ds for any i. In contrast, designing the stepsize for the upper-level problem
necessitates the global value D, where for any z, there exists a y such that h;(z,y) < —D for any i.
Specifically, for lower-level problem, we only need the value ds at the point x; and then estimate
the value of ms in Step 2 of Algorithm 2, so we can obtain the optimal value within the shrunk
feasible set {y : hi(x,y) < —myg, i =1,...,k}. However, when addressing the upper-level problem,
we need to estimate the Lipschitz constant of hypergradient, which requires the global upper bound
of hi(z,y; (z)), as stated in Corollary 4.1 as —M. To obtain the —M, the global value D is necessary
in view of Corollary 4.1. Yet, we do not know the value of D a priori.

Our approach begins with determining the value of dy at a specific reference point xs. Leveraging
the Lipschitz continuity assumption of h, it is clear that for any x in the ball B, (ds/2Ly) there
exists a point y such that h;(z,y) < —ds/2 for any i. Therefore we can estimate the local upper
bound of h;(z,y;(x)) within the ball B, (ds/2Ly). This enables us to design an appropriate stepsize
for the upper-level problem. Furthermore, we constrain the stepsize to ensure that next reference
point x4 remains within this ball. The process is shown in Figure 1 and 2.

Ts+1

Figure 2: Utilizing the negative upper bound
Figure 1: ds_1 is an output of Algorithm 2,  of h;(z,y;(x)) in the ball B,, ,(ds—1/(2L},))
which indicates that there exists one point  obtained from left figure, we estimate the
yo such that h;(xs—1,y0) < —ds—1 for any  Lipschitz smoothness constant of ggt(az) in
i. By Lipschitz continuity of h;(z,y), when  this ball, and design the stepsize ns_1. The
x is in the ball By, ,(ds—1/(2Ly)), we have  design of 7,1 ensures that zs is still in
hi(xz,y0) < —ds—1/2 for any i. In view of B, (ds—1/(2Ly)). We update and get x5 by
Theorem 4.1, we have a negative upper bound  Step 2 of Algorithm 1. We also get the ball
of hi(x,y;(x)) for any i € {1,..,k} and z in B, (ds/(2Ly)) by repeating the argument in
the ball B, _,(ds—1/(2Ly)). the left figure, then update to the next point

Ts41 by repeating the above process.

We first establish the following lemma on the Lipschitz properties of the lower-level Hessian,
whose proof can be found in Appendix F.4.

Lemma 4.1. Suppose the assumptions in Theorem 4.1 are satisfied. If hi(z1,y1) < —m, hi(x2,y2) <

—m for any i, then ||V, g:(z1,y1) — Vi, ge(z2, y2)Il < Lg, mll(@1,51) — (2, y2)|l; [IV2,9¢(21,91) —
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V2,0t (@2, y2) || < Lg, mll(21,91) — (w2, y2) ||, where

— — T, ILnL, 213 2L,L;
Lgom = Ly + tk (m + +=h 4 : (4.4)

The following lemma informs us that when we know, for a fixed z, the values of the constraints
hi(z,y) for some interior point y, we can evaluate the Lipschitz smoothness constant of &Et within a
spherical neighborhood Bj, (ds/2Ly) of x which can help us to design the stepsize. The proof is
available in Appendix F.5.

Lemma 4.2. Suppose the assumptions in Theorem 4.1 are satisfied. For any fixed x, if there exists
y € Y(z) such that hi(x,y) < —d for any i € {1,...,k}, then

1. For any x + Ax, where ||Az|| < ﬁ, the following inequality holds: h;(x + Az, y; (z + Ax)) <

—mtec, where m

(4-2);

loc s a positive constant which can be computed through replacing d by d/2 in

2. The hyperfunction gzNSt(:L‘) 18 local fiﬁc-Lz’pschitz smooth. That is, the following holds for any
x1, xo satisfies max{||x; — x|, ||xe — z||} < %:

~ ~ —loc
IVadi(@1) = Vadr(z2)|| < Ly, |1 — z2]|.

fiftc can be computed as follows:

Z’g’hmloc (— + tkfh tkLi ) + Lf Lgt’mloc
(ug,)? " mlee - (mlee)? 1,

—loc

- — 1 — tkL,  tkL?
Lg, = (Lf + Ly—(Lg + L

G, mloc (mloc)Q ) + Lf

1 tkL,  tkL?
N L),

LG, mloc (mloc)

where fgt,mzoc is from (4.4) by replacing m with mboc, and g, s from Proposition 4.1.

Replacing d in Lemma 4.2 with the current iteration ds from the output of Algorithm 2, we have
an estimate of local Lipschitz smoothness constant fgﬁ § = fiftc in the ball B, (ds/(2Ly)). Now we

are able to establish the following lemma on the upper bound of f@ » whose proof is provided in
Appendix F.6:

Lemma 4.3. Suppose the assumptions in Theorem 4.1 are satisfied. The estimate f&i s has a upper
bound f(g = O(1/tY).
13

Remark 4.5. Although f~t s s bounded by f~t, the constant f% 1s not computable if we do not

know the constant D from Remark 4.3, thus this cannot help us design the stepsize. f~t s can make
sure that the stepsize ns has a lower bound, a fact which is essential for our main convergence result
Theorem 4.3 to hold.

Now that in practice we are not able to calculate the hypergradient ngt(:v) exactly, and in
Algorithm 1 we approximate the hypergradient by V;¢:(x). We thus need the following lemma on
the approximation error of the hypergradient, whose proof can be found in Appendix F.7.
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Lemma 4.4. Suppose the assumptions in Theorem 4.1 are satisfied. Let x5 be the reference point,
and s is from the output of Algorithm 2. Define the following approximate gradient

ﬁx(gt(%) = Vo f(zs,9s) — V:Qcygt(%a gS)(vzyZ]t(%v gS))_lvyf(%a Js)- (4.5)

Then the gradient approximation error can be upper bounded as HquNﬁt(acs) — @w%(:ps)ﬂ < ﬁsﬂ&,ms’
where mg is from the output of Algorithm 2 and

.
) + Lt L,
(4.6)

tkL tkL

— _ — — 2 — _
Lgom, =Ly + Ly (Lg + &hn 4 ) +Ly ( > Lgi.m, (Lg + &hn

where f@,ms is from Lemma 4.1 which can be computed by replacing m with my.
Finally, we state the convergence of the upper-level problem as follows.

Theorem 4.3. Suppose Assumption 4.5(1)(2)(3) and Assumption 4.4 all hold, and either Assump-
tion 4.1 or Assumption 4.2 holds. We recall and define the following terms:

° fd;t s s computed by replacing d in Lemma 4.2 with ds from the output of Algorithm 2;

o @xggt(:z:s) is from (4.5);

o f:g”% is from (4.6);

o M is from Corollary 4.1;

® g, s from Proposition 4.1;

° f(;t is from Lemma 4.3;

e D is from Remark 4.3;

e d; is from the output of Algorithm 2;

1 1

L _ 'L~

f Ly n\ L
Lyt (Lg+tk +ik MQ) b

(=min< 1 X

’ 4Lh

We set the stepsize ns as

§ 1
- {1’ A } 7 (4.7)
2L | Vadi(zs)ll Ly,

and set the stop criterion €5 = 6/(43/&’7”8) for the inner loop. Then the the sequence {zs} generated
by Algorithm 1 satisfies

1 ~
. _ : P V4 <
S:()le}%—l Ns ||$S prOJX(:BS s z¢t($5))” =

within O(1/(Ce2)) number of iterations.

The proof of Theorem 4.3 is in Appendix F.8.

20



Remark 4.6. In terms of the dependency on €, Theorem 4.3 achieves the rate 6(6_2). However, if
higher order (3rd order or even higher for the lower-level objective) smoothness is assumed for both
lower- and upper-level objectives, the convergence could be improved to 0(6_7/4) using the techniques
proposed in Wang et al. (2024) for the special case of bilevel optimization, namely the minimazx
saddle point problems. We refer to Wang et al. (2024) and omit the details to keep the conciseness
of this work.

In terms of the dependency on t, from Lemma 4.3 and Theorem 4.3, we can see that { = (’)(t4)
with respect to t. For the inner loop, we have that the number of iterations is 6(t‘0'5) (more details
see Appendiz F.9). Therefore, the total number of iterations is O(t=*°). Moreover, under the strong
convez setting, if we already know the upper bounds of some provably bounded terms a_priori, then
by adjusting the stepsize, the number of iterations with respect to t can be reduced to O(t=15) (for
details, see Appendiz C).

In the next section, we discuss how to recover a stationary point for the original lower-level
constrained bilevel problem (1.3).

4.3 Asymptotic Convergence to the Original Problem

The convergence result in Theorem 4.3 indicates a non-asymptotic rate of convergence is achievable
for solving the barrier reformulated problem (1.4). Based on our previous discussion, achieving non-
asymptotic convergence toward the original problem (1.3) is intractable since the hypergradient of
the original problem (1.3) can be non-differentiable or even discontinuous (Example 3.1). Therefore
we inspect the asymptotic convergence toward the original problem when the SCSC assumption is
satisfied (which will make the original problem differentiable). In particular, we consider Algorithm
3 listed below, where we iteratively shrink the barrier parameter ¢ in our formulation (1.4) and
utilize Algorithm 1 for each t.

Algorithm 3: Hypergradient Based Bilevel Barrier Method for (1.3)
Step 0: Initialization. Given an initial point xg, typ = 1, the accuracy level €.
fori=0,1,2,... do
Step 1: Solve the problem with current ¢. Call Algorithm 1 with initial point z;,
accuracy € = ¢; and t = t; and other parameters specified as in Theorem 4.3, obtaining

the output x;41
Step 2: Decrease the parameter. Set €;11 = ¢;/2 and t;41 = t;/2

Algorithm 3 is a direct application of Algorithm 1 with shrinking ¢, which is analogous to
the classical path-following scheme. Different from the path-following scheme, we do not have
self-concordant barriers, thus we have to solve each of the sub-step to a certain precision for each fix
t. We have the following result for the asymptotic convergence of Algorithm 3.

Theorem 4.4. Assume the same assumptions as Theorem 4.3 and consider the output sequence
{z;} of Algorithm 3. Suppose in addition Assumption 4.3(4) holds. If the limit point =* of {z;} C X
is SCSC points of original BLO problem (1.3), then x* is the stationary point of (1.3).

The proof of Theorem 4.4 is available in Section F.10.
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5 Numerical Experiments

In this section, we conduct numerical experiments to verify the effectiveness of the proposed
Algorithm 1. Our experiments are conducted on a single PC with Intel Core 12400F CPU and
16GB of RAM. Our code is available at https://github.com/jxxxxxxt/bilevel_ipm.

5.1 Generated Strongly Convex Problem

In this experiment, we evaluate the performance of our proposed BFBM algorithm using a class of
randomly generated problems. Both the upper-level and lower-level objective functions are designed
to be strongly convex, and the constraints are all linear in y. The problem template is given as

follows:
1 /z T x x
min f(z,y) == A —|—bT<>
Ty f.y) 2(9) <y) Y

1
s.t. y € argmin g(x,y) = §yTC’y +d'y+2"Dy
y

st. z'Ey<e fori=1,....k, —-1<y; <1 fori=1,...,n,

where x € R” represents the upper-level decision variables, y € R" represents the lower-level decision
variables, A € R?"*2" and C' € R"*" are symmetric positive definite matrices, b € R?” and d € R"
are vectors, D € R™™ and E; € R™" are matrices, e; € R™ are positive numbers for i = 1, .., k.
All these are randomly generated (see Appendix A).

Experimental Setup and Algorithm Comparison In this experiment, we set the problem
dimension to n = 60 and the number of primary constraints to k = 20. We generated ten problem
instances using seeds ranging from 0 to 9 to ensure variability and reproducibility. We allocated
a two-minute time budget to each of the three algorithms—BFBM (Our proposed Algorithm),
BSG (Giovannelli et al., 2021), and BLOCC (Jiang et al., 2024)—and evaluated them under two
stepsize strategies: constant and diminishing. (For details about the parameters, refer to Appendix
A)

After the allotted time, the quality of the obtained solutions (x,y) was evaluated based on four
metrics: the upper-level function value f(x,y), the hyperfunction value f(z,yopt) Where yopt is the
optimal solution of the lower-level problem given z, the lower-level optimality gap g(z,y) — g(x, Yopt ),
and the total constraint violation defined as

k n n
Z max(0, mEZ-(l)y - 62(1)) + Zmax(o, yi— 1)+ Z max (0, —y; — 1),
i=1 i=1 i=1

which measures the overall lower-level feasibility of the solution. A higher total constraint violation
indicates that the obtained solution deviates more from the feasible region of the lower-level problem.
The total constraint violation equals zero if and only if the obtained solution is feasible in the
lower-level problem. For each algorithm, the solution with the best hyperfunction value across both
stepsize strategies was selected for comparison.

Table 2 compares the solutions obtained by the three algorithms across ten different seeds
under a two-minute computational budget per run. Each solution is evaluated in terms of both its
hyperfunction value f(x,yopt) and its upper-level function value f(x,y). As shown in the table, our
proposed algorithm BFBM achieves the lowest hyperfunction value among the three algorithms in
five out of the ten seeds.
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Table 2: Evaluate solution qualities using upper-level metrics: Hyperfunction Value (Upper-Level
Function Value)

Seed BSG BLOCC BFBM

1.1138 (1.0546)  2.6983 (1.3556)  1.5372 (1.2014)
1.1550 (1.0850) 0.9524 (0.1207)  0.1657 (-0.0186)
1.9700 (1.8424) 3.1455 (2.1752)  1.8765 (1.6664)

2.0662 (2.1330)  2.7364 (2.5312)  2.1675 (1.9531)

( )

( )

)

0.6963 (17.6067)  1.4438 (1.4192 0.8288 (0.6353)
0.7596 (0.7157) 0.8560 (1.4241)  0.6675 (0.3143)
1.0723 (18.5577)  1.2513 (0.2774 2.2743 (1.8548)
0.6451 (1.0544)  0.3920 (0 5784)  2.8073 (2.2171)
17.2746 (146.8528)  2.8086 (1.1682)  2.2652 (2.0724)
8.4697 (15.3909)  5.8981 (5.9888)  1.5066 (1.0964)

© 00 O Ui W N+~ O

Table 3: Evaluate solution qualities using lower-level metrics: Total Constraint Violation (Optimality

Gap)

Seed BSG BLOCC BFBM
0  0.0000(0.0289) 0.0000(0.1354) 0.0000(0.0515)
1 0.0084(0.0218)  0.0000(0.2183) 0.0000(0.0478)
2 0.0000(0.0425) 0.0000(0.1248) 0.0000(0.0643)
3 0.0100(-0.0204) 0.0000(0.0863) 0.0000(0.0443)
4 0.0122(-0.0392) 0.0066(0.0285) 0.0000(0.0527)
5 0.0000(0.0224) 0.0192(0.0099) 0.0000(0.0530)
6  0.0140(-0.0317) 0.0000(0.1670) 0.0000(0.0718)
7 0.0136(-0.0320) 0.0050(0.0171) 0.0000(0.0562)
8  1.2690(-1.0111) 0.0000(0.7070) 0.0000(0.0717)
9 0.0169(-0.0059) 0.0000(0.1192) 0.0000(0.0510)

As shown in Table 3, we compare the solutions obtained by the three algorithms across ten
different random seeds in terms of their optimality gaps and total violations. It is crucial to consider
only solutions with a total violation of zero as feasible; therefore, the comparison of optimality gaps
is meaningful exclusively for these feasible solutions.

Our proposed algorithm, BFBM, consistently achieves a total violation of zero for all ten seeds,
ensuring the feasibility of its solutions. Compared to BLOCC, BFBM achieves lower total constraint
violation and optimality gap. Relative to BSG, although both exhibit small optimality gaps, BFBM
maintains a lower total constraint violation. This stability underscores the reliability and high
quality of the solutions generated by the BFBM algorithm.

5.2 Price Setting Problem

In this experiment, we assess the performance of our proposed BFBM algorithm in the context
of a price setting problem (see Section 2). In this problem, both the upper-level and lower-level
objective functions are linear, and the constraints are all linear in y. Here we consider the case that
the lower-level problems are all uncoupled, i.e. they do not depend on T. All the matrices and
vectors in (2.1) are randomly generated (see Appendix A).
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Experimental Setup and Algorithm Comparison In this experiment, we set the problem
dimension to n = 60 and the number of primary constraints to k = 20. We generated ten problem
instances using seeds ranging from 0 to 9 to ensure variability and reproducibility. We allocated
a four-minute time budget to each of the three algorithms—BFBM (Our proposed Algorithm),
BSG (Giovannelli et al., 2021), and BLOCC (Jiang et al., 2024)—and evaluated them under
diminishing stepsize strategy. (For details about the parameters, refer to Appendix A.)

Table 4: Hyperfunction (Evaluate solution qualities using upper-level metrics: Hyperfunction Value
(Upper-Level Function Value))

Seed BSG BLOCC BFBM

0 -0.1279 (-0.0710) -0.0046 (-0.0047) -0.2825 (-0.2750)
1 -0.1337 (-0.0405) -0.0034 (-0.0034) -0.2455 (-0.2382)
2 -0.1291 (-0.1417) -0.0000 (0.0000) -0.3629 (-0.3552)
3 -0.0509 (-0.0112) -0.0000 (0.0000) -0.2950 (-0.2868)
4 -0.0559 (-0.1086) -0.0059 (-0.0060) -0.3034 (-0.2888)
5 -0.0499 (-0.0612) -0.0000 (0.0000) -0.2992 (-0.2891)
6 -0.0045 (-0.0445) -0.0044 (-0.0043) -0.1590 (-0.1506)
7 0.0000 (0.0000)  -0.0000 (0.0000) -0.3070 (-0.2945)
8  -0.0314 (-0.1053) -0.0000 (0.0000) -0.1790 (-0.1741)
9 -0.0748 (-0.0603) -0.0100 (-0.0095) -0.3348 (-0.3248)

Table 5: Evaluate solution qualities using lower-level metrics: Total Constraint Violation (Optimality
Gap)

Seed BSG BLOCC BFBM
0  2.1335 (1.8119)  0.0676 (0.0088) 0.0000 (0.0120)
1 4.4754 (-1.0703)  0.0618 (0.0312) 0.0000 (0.0119)
2 3.0165 (0.0653)  0.1464 (0.0024)  0.0000 (0.0120)
3 4.6530 (-0.8170) 0.0875 (-0.0049) 0.0000 (0.0119)
4 3.4429 (-1.0803) 0.1834 (-0.0523) 0.0000 (0.0120)
5 3.7905 (-0.2300) 0.1748 (-0.0246) 0.0000 (0.0119)
6 3.7567 (-1.3199)  0.0917 (0.0293)  0.0000 (0.0120)
7 6.6517 (-2.5038) 0.1058 (0.0149) 0.0000 (0.0120)
8  2.5576 (0.0622) 0.2153 (-0.0415) 0.0000 (0.0120)
9 3.4771 (0.5839)  0.0814 (0.0316) 0.0000 (0.0120)

For the BSG and BLOCC algorithms, we conducted experiment on a regularized version of the
price setting problem. In the regularized version, a small regularization term 0.001 x (||z|* + [|y[|?)
was added to the lower-level objective function g(T, z,y), thereby ensuring that it is strongly convex.
From Table 4 and 5, it is evident that for the price-setting problem, the solution obtained by our
BFBM algorithm is optimal in terms of hyperfunction quality. In addition, while maintaining strict
feasibility (i.e., the total constraint violation is zero), the optimality gap remains consistently low,
demonstrating the robustness and efficiency of our method when lower-level problem is a linear
program.
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6 Conclusion

In this paper, we proposed a barrier function reformulation approach for BLO optimization problems
involving lower-level problems with coupled constraints, i.e. the constraints depend on both upper-
and lower-level variables. We focused on two specific cases: one where the lower-level objective is
strongly convex with convex constraints concerning the lower-level variable, and another where the
lower-level problem is a linear program.

By developing a series of new techniques, we demonstrated that the barrier reformulated problem
converges to the original bilevel problem in terms of both hyperfunction value and hypergradient.
To solve the reformulated problem whose hyperfunction and lower-level problems are not Lipschitz
smooth, we designed two effective algorithms: one that guarantees non-asymptotic convergence for
the barrier reformulated problem for a fixed ¢, and the other that converges asymptotically to a
stationary point of the original problem if this point is an SCSC point (see Definition 3.1). Notably,
this is the first work providing convergence guarantees for BLO optimization problems where the
lower-level problem is a linear program. For the general case that g(z,y) and h;(x,y) are all convex
in y, we have the convergence for hyperfunction value, and Algorithm 1 still works in this case (see
Appendix D).

We conducted experiments on strongly convex and linear lower-level problems with linear
inequality constraints. Our algorithm is the only one that ensure the solution is feasible for lower-
level problem. For the price-setting problem, it was the most effective algorithm, demonstrating its
robustness and effectiveness for bilevel optimization.

Our work establishes a unified framework that operates under minimal assumptions, significantly
advancing the methodology in bilevel optimization. Future efforts will focus on extending our
algorithms to scenarios with stochastic upper- and lower-level objective functions.
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Appendix

A Details of Experiments

A.1 Generated Strongly Convex Problem
Data Generation Process The problem data is generated using the following procedure:

1. Random Seed Initialization: A fixed random seed is set using np.random.seed(seed) to
guarantee reproducibility of the results across different runs.

2. Matrix Generation:

e Matrix A: Generated as a symmetric positive definite matrix:
A=0.5x% (Ainit X Ai—rrlit) + Ioy,.
Here, each entry of the initial random matrix A, is drawn from a standard normal
distribution N (0, 1);
e Matrix C: Generated as a symmetric positive definite matrix:
C =0.5x (Cinit X Ci—lr:it) + 1.
Each entry of the initial random matrix Ciyjt is drawn from a standard normal distribution
N(0,1);
e Matrix D: Generated as a random matrix:
D = randn(n,n).
Each entry of D is independently drawn from a standard normal distribution N (0, 1).

3. Vector Generation:

e Vector b: Generated as a random vector:
b = randn(2n).
Each entry of b is drawn from a normal distribution N (0,1) and then scaled by a factor

of 10 to increase the magnitude of the coefficients;

e Vector d: Generated as a random vector:
d = randn(n).
Each entry of d is drawn from a normal distribution A(0,1) and scaled by a factor of 10.
4. Constraints Generation:

e Coupled Constraints: A total of k coupled linear constraints are imposed on the
lower-level variables:
z By<e, fori=1,... k.
— Each matrix E; € R"™ " is generated with entries drawn independently from a
standard normal distribution N (0, 1);
— Each scalar e; € R is drawn uniformly from the interval [0, 1], i.e., e; ~ U(0,1);
e Box Constraints: Simple Box constraints are imposed to make sure the lower-level

feasible set is compact.
-1<y<1
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Implementation Details
1. BSG Algorithm Giovannelli et al. (2021):

e For inner loop, we use a max-min solver (Algorithm 2 in Jiang et al. (2024)) to obtain
the lower-level optimal solution y and Lagrange multiplier zy;

e We choose the initial point Zinit = 0, Yinit = 0, 27,init = 0; For the main loop, the stepsize
is set to ap = 2 x 1079 or 5 x 1079 /y/k + 1; For the max-min solver, the stepsizes for
the first and second loops are set to 7; = 1072 and 1, = 0.02 respectively; The stopping
criteria for the first and second loops in the max-min solver are ¢; = 0.01 and e; = 0.01.

2. BLOCC Algorithm Jiang et al. (2024):

e We choose the initial point Zinit = 0, Yg.init = 0, YFinit = 0, tg,init = 0, tFinit = 0, and
the penalty coefficient v = 10; For the main loop, the stepsize is set to o = 2 x 1075 or
1073/y/k + 1; For both max-min solvers, the stepsizes for the first and second loops are
set to n; = 1073 and 1y = 0.5 respectively; The stopping criteria for the first and second
loops in both max-min solvers are e; = 0.05 and €5 = 0.05.

3. BFBM Algorithm (Our proposed Algorithm):

e For inner loop we use Netwon method;

e We set £ = 0.01, and M = 0.1, which means we shrink the lower-level feasible set to
{ylhi(z,y) < =103 fori =1, ..., k};

e We choose the initial point xi,i = 0, yinie = 0; For the main loop, the stepsize is set to
ap =2x107% or 5 x 10*4/\/k: + 1; For inner loop the stepsizes is set to n = 0.1; The
stopping criteria for inner loop is €, = 0.01.

A.2 Price Setting Problem

Data Generation Process The problem data is generated using the following procedure:

1. Random Seed Initialization: A fixed random seed is set using np.random.seed(seed) to
guarantee reproducibility of the results across different runs.

2. Matrix Generation:

e Matrix A; and As: Generated as a matrix with entries drawn from a normal distribution
N(0,1) and then made non-negative by taking the absolute value. Additionally, a
correction is applied: if all values in a row of A; or A are less than 1, we set the
maximum value in that row to be 1. This ensures that each city has at least one road
leading to it. Finally, we multiply each element of As by 0.2 to simulate the significantly
lower carrying capacity of untaxed roads compared to taxed roads.

3. Vector Generation:

e Vector b, ¢; and co: Generated as random vectors, with each entry drawn from N (0, 1),
and then made non-negative by taking the absolute value.
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Implementation Details
1. BSG Algorithm Giovannelli et al. (2021):
e For inner loop, we use a max-min solver (Algorithm 2 in Jiang et al. (2024)) to obtain

the lower-level optimal solution y and Lagrange multiplier zy;

e We choose the initial point Tisit = 0, Zinit = 0, Yinit = 0, 27,init = 0; For the main loop,
the stepsize is set to a, = 0.01/v/k + 1; For the max-min solver, the stepsizes for the
first and second loops are set to 7; = 272 and 75 = 30 respectively; The stopping criteria
for the first and second loops in the max-min solver are e; = 5 x 107% and € = 1.

2. BLOCC Algorithm Jiang et al. (2024):

e We choose the initial point Tinit = 0, Zginit = 0, Yginit = 0, TEinit = 0, YFinit = 0,
g init = 0, trinit = 0, and the penalty coefficient v = 2; For the main loop, the stepsize
is set to a; = 0.01/v/k + 1; For both max-min solvers, the stepsizes for the first and
second loops are set to n; = 2 x 107> and 7 = 30 respectively; The stopping criteria for
the first and second loops in both max-min solvers are ¢; = 10~% and ey = 1.

3. BFBM Algorithm (Our proposed Algorithm):

e For inner loop we use Newton method;

e We set t = 107%, and M = 0.1, which means we shrink the lower-level feasible set to
{ylhi(z,y) < =105 fori =1, ..., k};

e We choose the initial point xi,i = 0, yinie = 0; For the main loop, the stepsize is set to
ag = 0.02/v/k + 1; For inner loop the stepsizes is set to n = 0.01; The stopping criteria
for inner loop is €,y = 5 X 1074,

B Preliminaries

B.1 Notations

e Denote [\ (z,y), ..., \g(z, y)] := argmax, g(z,y) + Zle Aihi(z,y) be the Lagrange multipliers
at point (x,y), where y € y*(z). If y*(x) is unique, or A;(z,y) is independent of the choice of
y € y*(x), for simplicity, we write A;(x,y) = A\i(z), and, under this case, define Z*(x) := {i :
Ai(z) > 0} be the set of index that corresponding multiplier is positive;

o Vn(z):={y:hi(x,y) < —m, i =1,...,k} is the shrinked feasible set;
e { is approximation of y*(x4) from the output of Algorithm 2;

e D introduced in Remark 4.3 is a constant that for any = there exists y satisfies h;(z,y) < —D
for any i;

e iz, introduced in Proposition 4.1 is the strongly convexity constant of g;(z,y) in y;
e M defined in Corollary 4.1 is the positive lower bound of —h;(z,y*(x)) and —h;(zs,Ys);

° th,m introduced in Proposition 4.2 is the Lipschitz smoothness constant of g;(z,y) in y in
the set YV, (x);
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e L, introduced in Proposition 4.1 is the Lipschitz constant of Hessian for g;(x,y) in the set

ym(x);

e r, utilized in Theorem 4.2 is the condition number of the inner loop at the s-th step of the
outer loop;

° Z@ ; studied in Lemma 4.3 is the estimate of local Lipschitz smoothness constant at the s-th

stef) of the outer loop;

° fq;t introduced in Lemma 4.3 is the global upper bound of f{;t o

o Voti(rs) = Vo f(@,y) + V25125, 55) (V2,50(T5, 55)) " Vy f (25, 95) is the approximation of

the hypergradient V ¢:(zs) at the s-th step of the outer loop;

° Z;Tt,ms studied in Lemma 4.4 is the approximation error between @zgt(acs) and vm@(ms), ie.
A~ ~ — % .
vagbt(:ﬂs) - vxgbt(l's)H < Lgt,msHy (ZL'S) - ysH;

° f:‘gt given in Lemma F.1 is the upper bound of fi&ﬂ”s'

B.2 Some basic lemmas

Lemma B.1. Suppose Assumption 3.1(1), 3.1(2) and Assumption 3.2 hold, then

ly; () — y*(2)]| < /jgkt. (B.1)

Proof. Since g(z,y) is pg-strongly convex in y, we have

9(z,y) = g(z,y"(x)) + Vyg(z, y*(2))(y — y"(z)) + % ly —y* ()] (B.2)

By the optimal condition, Vyg(x,y*(x))(y — y*(x)) > 0 for any feasible point y. Replacing y by
y; (z) in Equation (B.2), we get

% lyi (@) = y* (@)1 < g(z, 57 () = g2, y"(2)) = Vyg(a,y* (@) (4 () -y (2))

From lemma 3.1, we know g(z,y; (z)) — g(z,y*(z)) < kt, which implies

I () — " ()| < | k. (B.3)
Hg

O]

Lemma B.2. Suppose Assumption 3.1 holds, and either Assumption 3.3 or 3.2 holds, then y; (z)
continuously depends on t for any fixed x.
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Proof. Denote G,(t,y) = g:(x,y). We fix a z. Note that
Vy(VyGa(t,y)) = ng,ygt(x,y) -0

for any t and y, and V,G,(t,y; (x)) = 0. By implicit function theorem, we can find a neighborhood
Ut X Uyz(g) of (t,y; (z)) such that there exists a continuous function Y'(t) satisfies VG (t,y) = 0 if
and only if y = Y (¢). Since G is strongly convex in y, V,G,(t,y) = 0 means y = y; (z). Therefore,
by the uniqueness of the optimal solution, locally we have y;(z) = Y (¢) continuously depending
on t. As we already know y; () is a function of ¢, we conclude that globally, i.e. for any ¢, y; (x)
continuously depends on ¢. O

Lemma B.3. Suppose Assumption 3.1 holds, and either Assumption 3.2 or Assumption 3.8 holds,
then the Lagrange multiplier A\;(x) is continuous for any i. Furthermor, since X is compact, \;(x)
has upper bound independent of i and x.

Proof. When g(x,y) is strongly convex in y and h;(z,y) is convex in y, then y*(z) is unique. If
Ai(x) is not continuous for some point zy and some index iy, then we can find a sequence {z; };“;1
such that lim;_, x; = xo, and limj_,o0 Aiy(25) # Ay (20), or does not exist.

Case 1: If lim;_,o Ao (2;) does not exist. We consider separately the cases where \;,(x;) is
uniformly bounded and where there exists an unbounded subsequence.
If {Xi; (7;) 1521 has an unbounded subsequence, still denoted as { A, (7;) 521, i.e. limj—e0 [Aig (25)] =

00, then set u;f = max; |Ai(z;)|. By the unboundedness assumption, lim;_, ,u;‘. = 0o. We can choose

a sub-sequence of {z;}32,, still denoted as {z;}, such that i* = argmax; |\;(z;)| for some fixed
index i*. Since |A;(z;)|/p; <1 for any i and j, we can choose a subsequence, still denoted as {z;},
such that lim;jc Ai(2;)/p; exists for any i. Denote p1;(wo) := limyjoo Ai(z;)/pj. It is clear that
pi=(zo) = 1. Replacing « with z; in the KKT condition equation

k

Vyg(@, 5 (@) + > Ni(@)Vyhi(z, y* (2)) = 0, (B.4)
i=1

dividing by 7, and letting j approach infinity, we get

k

> uilwo) Vyhi(xo, y* (o)) = 0. (B.5)
i=1

We will show that p;(x0) # 0 means i is active at zg. If p;(z9) # 0, then A;(z;) # 0 except for
at most finitely many j. So the index i is active at the point x;, which implies h;(z;, y*(z;)) = 0.
Thus, hi(xo,y*(20)) = limj_e hi(z;,y*(x;)) = 0, implying that i is active at the point xy. (B.5)
can be written as

Z 1i(0) Vyhi(xo, y* (z0)) = 0,
1€ (o)

where Z*(x() is the set of active index at zg. By LICQ assumption, V,h;(zo,y*(zo)) are linear
independent for i € Z*(x¢). Note that p+(z9) = 1 # 0, this contradicts the LICQ assumption.
Therefore, we know that {\;,(x;)}52; is uniform bounded.
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Case 2: If limj_,o Aj,(z;) exists but not equals \j,(zg), we will show that this also contradicts
LICQ assumption. Case 1 demonstrates that A;(z;) has a uniform bound for any ¢ and j. Thus, we
can choose a subsequence of {z;}32,, still denoted as {;}72,, such that lim; oo Ai(z;) =t pi(zo)
exists for any i. Replacing « with z; in (B.4), and letting j approach infinity, we get

k

Vyg(@o, y*(20)) + Y milwo) Vyhi(xo, y* (o)) = 0. (B.6)
=1

Replacing = with z( in the KKT condition (B.4), and subtracting (B.6), we obtain

k
> (Nilxo) — pi(0)) Vyhi(o, y* (o)) = 0.

i=1

If \i(zo) — pi(zo) # 0, then either A\;(xo) = 0 or Ai(zo) # 0. Xi(zo) = 0 means u;(zo) # 0, which
implies 7 is active at point xg similar as the argument in Case 1. A;j(z9) # 0 means that ¢ is
active at point xg. Therefore, \;(xo) — ui(zo) # 0 always means is active at point zy. Note that
i (z0) — pig(x0) # 0, which contradicts the LICQ assumption.

When g(x,y) and h;(z,y) are linear in y for any ¢, then by Remark 3.2, we know that the
multipliers \;(x) are well-defined in the sense that is independent of y € y*(z). We can also denote
Vyg(z,y) as w(z), and Vyhi(z,y*(x)) as vi(x) since Vyg(z,y) and Vyh;(x,y) is independent of y.
Then the proof is the same as the strongly convex case. O

C Improved Convergence Rate

In this section, we will demonstrate how to modify the choice of stepsize so that the convergence rate
of Algorithm 1 with respect to ¢t can be improved to 6(75_1'5) under strongly convex case. However,
it should be noted that we need to utilize the upper bounds of certain terms. We will prove that
these terms are indeed bounded, but these bounds are not computable in practice.

Specifically, in Lemma 4.2, when estimating the local Lipschitz constant, we frequently evaluate
the term V4, G¢(2,y)(Vyygi(z,y)) 1. For the upper bound estimation of (V,g:(z,y)) ™!, we directly
employ the strongly convexity constant of V,g:(z,y) in y from Proposition 4.1. However, it is
important to note that, under strongly convex case, when V,,g:(z,y) explodes, which is because
h approaches zero, Vy,g¢(x,y) also explodes. Therefore, using the strong convexity of V,,g:(x,y)
for the upper bound estimation of (V,,g:(z,y))~! results in significant losses. This leads to an
underestimate of the dependence of V,g:(z,y)(Vyyg(x,y)) " on t.

We assume that all values of ¢ are less than or equal to 1. This assumption is justified, as in
practical applications, we often choose a very small t. To improve the estimate, we establish the
following result:

Lemma C.1. Suppose Assumption 4.3, Assumption 4.4, and Assumption 4.1 hold, i.e. under the
strongly convez setting. Then for any 0 <t <1 and x € X, the following holds

V2 (@)l = [(Vyyge (@, 47 (2))) ™ Vage (@, v ()| < I
for some constant J; > 0.

The proof is provided in Section F.11. In addition, we also need the following technical results:

35



Lemma C.2. Suppose Assumptions in Lemma C.1 are satisfied. Then for any 0 <t <1, any
r € X and index 7 we have

_y tVyhs(@, i (2))
2

Chi( i @) | =

H (Vyygi())

for some constant Jo > 0.

Lemma C.3. Suppose Assumptions in Lemma C.1 are satisfied. There exists a constant B such that
forany 0 <t <1, zinX andy € int)(x), which is the interior of Y(x), such that ||y —y* ()| < B,
we have ||(VyyGe(2,y) " 'Vyege(@, y)|| < Js, for some constant Js > 0.

Lemma C.2 is a byproduct of Lemma C.1. We provide the proof in Section F.12. The proof of
Lemma C.3 utilizes some technical details from Lemma C.1, as discussed in Section F.13. Now we
can estimate the improved local Lipschitz constant by the boundedness we proved before.

Lemma C.4. Suppose the assumptions in Lemma C.1 are satisfied. For any 0 < t < 1, and
any fived x, if there exists y € Y(x) such that hi(z,y) < —d holds for any i € {1,...,k}, then the

hyperfunction ¢ (x) is ffftc—Lipschitz smooth in the ball Bx(min{ﬁ, m}) which centered at

z with radius min{ 5%, =—™ 1 where Jy is from Lemma C.1 and m is computed by (4.2). That
2Lh 2Lh(1+J1)

is, the following holds for any x1,xe satisfies max{||z1 — ||, [|[x2a — z||} < min{ﬁ, M}

~ ~ —1
IVade(21) = Vadr(wa)[| < L, |21 — a2].
fg;otc can be computed as follows

—loc - - L
Ly =N |Ly+Lyi+LpJi | =2+
bt ( U f <ug prgmmtoc g (mloc)? fg (mlee)?

is a positive constant which can be computed through replacing d with d/2 in (4.2), and

tkL tkL,L tkL,L kL2 3kL2\ =
. Ph ok g log) +L§t,mlouJ1).
m m
Here mloc
g, is from Lemma 4.1, J1 is from Lemma C.1, J3 is from Lemma C.2. fiftc has a upper bound
L =0(1).
bt t

The proof of Lemma C.4 can be found in Section F.14. Given our refined estimation of the
Lipschitz constant, we are now able to optimize the stepsize selection. This adjustment significantly
enhances the convergence rate with respect to ¢, leading to the following convergence results, whose
proof is in (F.15):

Theorem C.1. Suppose Assumption 4.3, Assumption 4.4, and Assumption 4.1 hold, i.e. under the
strongly convex setting. We recall and define the following terms:

e (3 is from Lemma C.53;

. f&i s s computed by replacing d in Lemma C.4 with ds from the output of Algorithm 2;

— ,
L3, m, is from (4.6);

ﬁxgt(xs) is from (4-5);

J1 is from Lemma C.1;

36



Js3 is from Lemma C.3;

M is from Corollary 4.1;

D is from Remark 4.3;

ms, ds are from the output of Algorithm 2;

g, is from Proposition 4.1;

Z&L is from Lemma C.4;

. D M 1
¢ = min {17 AL, Ly (14 73)° AL Ly (LH ) (11 75) T, }

2
Assume 0 <t < min{“éf ,1}. We set the stepsize ns as

d 1 M 1 1

- va ’ ~ = y C.1
2L b 2L+ ) Vel L } e

ns = min{1

tyS

and set the stop criterion €5 = min{e,6/2}/f;;t7ms for the inner loop. Then the sequence {xs}
generated by Algorithm 1 satisfies

. 1 . 7
5:0{?%7%’—1 inS — pI’OJX(HTs - nsvx¢(x8)>H <e

within O(1/(Ce2)) number of iterations.

Remark C.1. From Lemma C.4 and Theorem C.1, we can see that ¢ = O(t) with respect to t.
Note that for inner loop we have k = O(t~%5), the total number of iterations is O(t~1°).

D Convex Case

When g(z,y) is convex in y, some intrinsic difficulties arise in attempting to establish a connec-
tion between the barrier reformulation and the original problem. First, we will provide some
counterexamples to illustrate these issues.

Before the discussion, we establish the following basic assumption for convex case:

Assumption D.1. The following holds

1. f(x,y) is one time and g(z,y), hi(x,y) are two times continuously differentiable for every
xeX,y€ V), andi € {1,....k};

2. X is convex and compact, and for any x € X there exists y € Y (x) such that hi(z,y) < 0 for
some i € {1,2,...,k};

3. For any x € X, Y(x) is compact, and ||y|| < R for any y in Y(x).

When g(x,y) and h;(z,y) are all convex in y, the lower-level objective function g;(z) of the barrier
reformulation 1.4 may not have the unique optimal solution. Consider the following counterexample:
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Example D.1. Define the lower-level objective function g(x,y) as follows

(y—1)? if1<y<2
9(z,y) =40 if —1<y<1
(y+1)?2 if —2<y<-—1,

and the lower-level constraint h(x,y) := g(x,y) — 1. Then g(x,y) and h(z,y) are both convez, and

gi(z,y) = g(z,y) — tlog(l — g(x,y)) > 0 —tlog(1) =0,

The optimal solution set of the barrier reformulation is [—1,1] for any t, which means y;(x) is not
UNIQUE.

Because the lower-level problem does not have a unique solution, the hypergradient cannot be
determined. Therefore, in this situation, we cannot use the implicit gradient methods for the barrier
reformulation.

When g¢(z,y) is convex in y, but there exist at least one strongly convex constraint h;(z,y)
in y, it is not hard to see the lower-level problem of barrier reformulation is strongly convex.
Therefore, the hyperfunction of barrier reformulation is well-defined. From this, we can explore the
connection between the hyperfunctions of the original problem and the barrier reformulation. Like
the counterexample 3.1 under the linear setting, we can still only attempt to prove the convergence
of the hyperfunction when y*(z) is unique. Before proceeding, let us first present an assumption for
the convex case.

Assumption D.2. g(z,y) is convezr in y for any x, and h;(x,y) are convex in y for any i and x.
There exists at least one strongly convex constraint hi(z,y) in y.

We give the following convergence result for the convex case:

Theorem D.1. Suppose Assumption D.1 and Assumption D.2 hold. If x satisfies that y*(z) is
unique, then limy_,o ¢¢(z) = ¢(x).

The proof can be directly obtained by optimal condition
9(@,y; (x)) — g(z,y"(x)) < kt,
which means lim; 0 g(7,9; (7)) = g(z,y*(z)). Note that y*(x) is unique, it not hard to see

limy—,0 y; (z) = y*(x), which implies lim; 0 ¢¢(x) = ¢(z).

However, establishing a relationship between the hypergradients may still be challenging, as the
hypergradient of the original problem might not be determinable through the expression:

Ved(x) = Vaf (2,57 () = Va,9(z,y" (2))(Vy,g(a,y" ()" Vy [,y ()
for any z. Let’s see the following example:

Example D.2. Define the lower-level objective function g(x,y) = y*, and the lower-level constraint
h(z,y) = y?> — 1. Then g(z,y) is conver, and h(x,y) is strongly convexr. The optimal solution
y*(x) =0 for any . However, the hypergradient

Vaf(z.y* (@) = Vayg(z,y" () (Vy,g(z, y* (€))7 Vy f(z,y" (@)

is not well-defined since szg(:c, y) = 0 is not invertible for any x and y. In this context, how to
calculate the hypergradient remains unexplored.
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Remark D.1. For the strong convezity of the lower-level problem in the barrier reformulation, we
need at least one constraint h;(x,y) to be strongly convex in y. However, by Assumption D.1(3),
we can add a constraint hyy1(z,y) = ||yl|> < R? which is strongly convex in y. After adding this
constraint, it remains equivalent to the original problem. Therefore, we can say Assumption D.1(3)
implies Assumption D.2.

The most important result, Theorem 4.1, still holds in the general convex case. Therefore,
Algorithm 1 and Algorithm 2 still work in the general convex case, and we can get the same
convergence rate O(1/(¢2t*%)) in Theorem 4.3. However, we do not have the convergence for
hypergradient. The Algorithm 3 does not work for this case.

D.1 Proof of Proposition 3.1
Through direct computing the Hessian of g;(x, y; (z)), we get

_ . (@) Vyhi(a, () Vyhi(e, yi ()T
2 Gz, yl(z) = T Y 2ot g 2ot :
Vi1 (2)) = Vit i §< (e wi(@) W2, y; (@) )

If Assumption 3.2 holds, then ngﬁt(x, y) = pgl, which means y; (x) is unique for any ¢ > 0 and
x € X. Thus the hypergradient can be computed directly by using implicit function Theorem (see
equation (2.8) in Ghadimi and Wang (2018))

Vobi(@) = Vo f (2,47 (2)) = Vi, Ge (@, 57 (@) (V3 Ge(@, yf ()7 Vo f (2, 47 (). (D.1)

This also illustrates that ¢;(z) is differentiable.
If Assumption 3.3 holds (i.e., h;’s and g are linear), the Hessian can be bounded below by

Vyhi(z, NV yhi(z,y;(z)"
vyygt z,y; (T _tz y22($)yt( )() ()

> ZV i,y (1)) Vi, w7 () T

min; h2 (x,y; (z

It is noteworthy that h;(x,y;(x)) < 0 for any 7. This is because, if h;(z,y; (z)) = 0 for some 7,
then gi(x,y*(z)) = oo due to the log-barrier, which contradicts that y; () minimize g;(z,y). Since
h;i(x,y) is linear, we can set

hi(x,y) = ai(x) 'y — bi(x).

Define A(z) = (a1(x),--- ,ar(z))". Note that the feasible set Y(z) is compact, we get A(x)" A(x)
is positive definitive for any x. Otherwise, if there exists a vector v such that v’ A(x)" A(x)v = 0,
then v'a;(z) = 0 for any i. However, in this case, if h;(x,y) < 0, it implies that h;(z,y + av) <0
for any «, which contradicts the compactness of feasible set. Thus, we know ngﬁt(x, v (x)) = 0,
which implies (D.1) still holds. We obtain that ¢;(x) is differentiable.

E Convergence of Hypergradient to the original problem

E.1 Proof of Proposition 3.2

(1) Under the strongly convex setting, we already have that y*(z) is unique. By Giorgi and Zuccotti
(2018), it is known that V,y*(z) exists. As for the converse, it does not hold. Consider the following
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counterexample: g(z,y) = y? and h(z,y) = y, where y € R. Then y*(z) = 0 and V,y*(x) = 0 for
any z, and also h(x,y) is always active. However, by KKT condition we have

0= Vyg9(z,0) + AN(z)Vyh(z,0) = Ax)Vyh(z,0) = A(z).
Thus the multiplier A\(x) always equals 0.

(2) Under the linear setting, we fist prove (a) is equivalent to (b), and then prove (b) is equivalent
to (c).

(a)=(b): Assuming x is an SCSC point, we want to show that y*(z) is unique. We will use proof
by contradiction to demonstrate that if this is not true, then there must exist a point (x,y) at which
the optimal Lagrange multiplier \;(z,y) is zero for some 3.

Suppose y*(z) is not unique, then the optimal solution set must be the face F' of a polyhedron.
Denote OF as the relative boundary of F' (for specific definition, see Definition 2.11 on Page 28 in
Drusvyatskiy (2020)). For any two points y and ¢ in F'\ OF, they have the same active constraints.
Due to linearity of g and h, we have Vyg(z,y) = Vyg(z,y') and Vyhi(z,y) = Vyhi(z,y') for any i.
Combining these facts with the LICQ assumption, we get \;(z,y) = \i(z,y'). For any point y” in
OF, the active index set of y € F'\ OF is necessarily a proper subset of the active index set of y”.
By LICQ assumption, we can prove \;(z,y) = \;j(z,y”) for any active i as follows: denote Z*(x,y),
T*(x,y") as the set of active indices at (z,y) and (x,y"), respectively. Consider the following KKT
condition at (z,y) and (x,y")

Vyg(z, )+ Y iz, y)Vyhi(z,y) =0 (E.1)
1€T*(x,y)

Vyg(z, ")+ D Nila,y")Vyhi(a,y") =0 (E.2)
€T (z,y'")

Note that Z*(x,y) is a proper subset of Z7*(z,y”), and Vyg(z,y) = Vyg(z,y"), Vyhi(z,y) =
Vyhi(z,y") since g(x,y), hi(x,y) is linear in y for any ¢, by subtracting (E.1) from (E.2), we have:

Yo il y") = () Vyhi(z,y") = 0.

i€ (2,y")

By LICQ assumption, the gradients Vh;(z,y”) are independent for ¢ € Z*(z, y"”). Thus, we obtain
that \;(z,y) = \i(z,y") for any i € Z*(x,y"). Since Z*(x,y) is a proper subset of Z*(x,y"), there
exists an index i € Z*(z,y”) but ¢ ¢ Z*(z, y). Therefore, we know \;(x,y) = 0, which further means
Ai(z,y") = Ni(x,y) = 0. However, i is active at (x,y”). This contradicts the assumption that x is an
SCSC point, thus proving the uniqueness of y*(x). By the argument above, we can also conclude
Ai(z,y) is not a function of y € y*(z).

(b)=(a): Assuming y*(z) is unique, we want to show x is an SCSC point. From the proof of
(a)=(b), we know that \;(z,y) is independent of the choice of y € y*(x). With out loss of generality,
we denote \;(z,y) = A\i(x). We will use proof by contradiction to demonstrate that if this is not true,
we can construct a vector v such that we can prove h;(x,y*(x) + sv) < 0 for any index 7 and s small
enough. This means (z,y*(z) + sv) is feasible. We can also prove g(z,y*(z) + sv) = g(z,y*(z)).
This contradicts the uniqueness of y* ().

Given that y*(x) is the unique optimal solution, it must be an extreme point of a polyhedron.
Without loss of generality, we assume y*(x) is determined by h;(z,y*(x)) =0, i =1,...,p, i.e. the
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first p constraints are active. Since y*(z) is unique, we have p > m. By assuming the LICQ, we
also know p < m. Thus p exactly equals m. By complementary slackness, the multipliers satisfy
Ai(x) =0 fori =m+1,...,k. We now prove that \;(z) > 0 for each i € {1,...,m}. Suppose, for
contradiction, that A\;(z) = 0 for some i € {1,...,m}. Without loss of generality, assume \;(z) =0
for i € {1,...,1}, where | < m. According to KKT conditions, we have

k
Vyg(a,y* () + > (@) Vyhi(z, y* (2))
=1
(E.3)

_ {Vyg(w, yH (@) + S Ni(@) Vyhi(z,y* (@) ifl<m
Vyg(z,y*(z)) ifl=m

=0.
For notational convenience, we suppose that I < m. The case that [ = m is similar. Therefore,
Vyg(z,y*(z)) € span{Vyhi(z,y*(z)) i =1+ 1,...,m},

where span{V h;(z,y*(z)) : ¢ = 1+ 1,...,m} is the subspace spanned by V,h;(z,y*(z)) for i =
[ +1,...,m. Now consider the subspace span{V h;(z,y*(x)) : i = 1,...,l}. The LICQ assumption
means these vectors are independent, thus the dimension of this subspace is [. Let us denote the
matrix formed by these gradients as

A= [Vyh(a,y" (@), -, Vyhi(a, y* (@) .

By Gordan’s theorem, either Av < 0 has a solution v, or ATw = 0 has a nonzero solution w with
w > 0. Note that by LICQ assumption, Vyhi(z,y*(x)), -, Vyhi(x,y*(z)) are linear independent,
so ATw = 0 has only the zero solution. Consequently, there exists a vector v # 0 such that
v Vyhi(z,y*(z)) < 0 for any i € {1,..,m}. Treating span{V, h;(z,y*(z)) : i = 1,...,m} as
the entire space, we consider the orthogonal complement of the subspace span{Vh;(x,y*(x)) :
i =1,...,1}, denoted as (span{Vyhi(z,y*(z)) : i =1, ..,1})*. Denote the sum of this space and
the space spanned by v as (span{Vyh;(z,y*(z)) : i = 1,...,1)* + span{v}. The dimension of
(span{V h;(x,y*(x)) : i =1,...,1})" + span{v} is m — [ + 1. Treating R™ as the entire space, we
consider the orthogonal complement of the subspace span{Vh;(x,y*(x)) : i =1 +1,...,m}, denoted
as (span{Vyhi(z,y*(z)) i =1+1, ..,m})T. Its dimension is I. Then, the intersection of two
subspaces

{(span{vyhi(x,y*(x)) =1, 000+ span{v}} N (span{Vyhi(z,y* (@) i =1+ 1,..,m})* #0
since the sum of their dimensions is greater that m. Choose a vector 0 # 0 in the intersection of
the two subspaces. We decompose ¥ = vy + v, where vy € (span{Vyh;(z,y*(z)):i=1,..., l})L
and vy € span{v}, so there exist a constant « such that vy = av. We can assume « > 0, otherwise
consider —0. Therefore, we have

~T * T * . T *

b Vyhi(z,y"(x)) = va Vyhi(z,y*(z)) = av’ Vyhi(z,y*(z)) <0
for any ¢ € {1,...,1}, which implies

hi(z,y*(x) + s0) <0 for any i € {1,...,1}, and s > 0 (E.4)

41



by the linearity of h;(x,y). Note that ¢ € (span{Vyh;(z,y*(x)):i=1+1,..., m})*, we also have
0T Vyhi(z,y*(z)) = 0 for any i € {l + 1,...,m}, which means

hi(z,y*(z) + s0) =0 for any i € {{+1,...,m} and s € R. (E.5)

Since i € {m + 1,...,k} is inactive, we know h;(z,y*(z)) < 0 for any i € {m + 1,...,k}. By the
continuity of h;(x,y) we can find a constant S > 0 such that

hi(z,y*(z) + s0) < 0 for any 0 < s < S. (E.6)
Combining the fact o'V, h;(z,y*(z)) = 0 and (E.3), we obtain o' V,g(z,y*(x)) = 0, and thus
g(x,y*(x) + s0) = g(z,y"(z)) for any s € R. (E.7)

(E.4), (E.5), (E.6) means y*(z) + sv remains feasible for any 0 < s < S. (E.7) implies y*(x) + s0 is
still optimal for any 0 < s < S. These contradicts the uniqueness of y*(z). Therefore, we conclude
that A\;(xz) > 0 for any ¢ € {1,...,m}, i.e. = is an SCSC point.

(b)=(c): Assuming y*(z) is unique, we will prove V,y*(z) exists. Since we have proved that (b)
is equivalent to (a), z is also an SCSC point. By Lemma B.3, i.e. the continuity of \;(x), there
exists a neighborhood U of = such that any point in U is an SCSC point, and their active indices
are the same. Without loss of generality, suppose y*(z) is the solution of following equations

hi(z,y*(z))
: =0.

hy(z,y*(2))
for any z in the neighborhood. Since y*(z) is unique, we have p > m. According to LICQ assump-

tion, we also know p < m. Therefore, p exactly equals m, and (V,hi(z,y*(2)), ..., hm(z,y*(x))) is
invertivble. By the Implicit Function Theorem, y*(z) is differentiable at x.

(c)=(b): Assuming V,y*(x) exists, we will show y*(z) is unique. The existence of the gradient
Voy*(z) implicitly assumes differentiability at the point y*(x), which in turn requires that y*(x) be
well-defined and single-valued. Therefore, y*(x) is unique.

E.2 Proof of Theorem 3.3
We first establish the following lemma:

*

Lemma E.1. Suppose Assumption 3.1 and 3.3 hold and y*(x) is unique, then we have t/(—h;(x, y; (x)))
converges to \i(x).

Proof. The KKT condition of the original problem is

k

Vyg(z,y* (@) + Y (@) Vyhi(z,y* (z)) = 0. (E.8)
i=1

We first claim that under linear case, the notations in (E.8) is also meaningful because
1. By Remark 3.2, \;j(z,y) is independent of the choice of y € y*(x). Without loss of generality
we denote \;(z) = A\i(z, y);
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2. Although y*(z) may represent a set, given that h;(z,y) and g(x,y) are all linear in y, Vyh;(x,y)
is independent of the choice of y. Without loss of generality we use the notation Vyh;(z, y*(x))

and Vyg(z,y*(x)).
By subtracting (E.8) from optimal condition equation of barrier reformulation

k

* t *
Va7 () + 3 s Vbl i ) =0,
i=1 (3 ayt
we derive the following expression
* t *
Vyg(z,y* () = Vyg(z, y; ( +Z (9" (@) = ey Vol vi (@) ) = 0.

By adding and subtracting Zle Xi(2)Vyhi(z, y;f (z), we obatin
0=Vyg(z,y"(z)) = Vyg(z,y; (x))

k
+ Z (Ai(2)Vyhi(z, y" () — Xi(2)Vyhi(z, yi (2)))
=1

k
+ ; <)\i($)vyhi($, yi (z)) — vahi(x, y:(x))>
V9. (2)) — Vgl 3 (@)

k
+ ) Xi@) (Vyhi(z,y* () = Vyhi(z, yf (2)))
i=1

» It

k
t *
" Z (AZ’(”“") - —h(ym)) Vyhi(z, i ().

It follows that

k . *

ZA y*(z)) —Vyhi(%y?(w)))H

<|IVyg(z, ¥ (7)) — Vyg(x, y: (z))]| +

<|IVyg(z,y"(x)) = Vyg(z,y; (2))] +Z)\ MIVyhi(z,y*(2)) = Vyhi(z, g ()| (E.9)

where (i) comes from the following equations due to the linearity of g(z,y) and h;(x,y) for any i

IVyg(2,y*(2)) — Vyg (e, y; (2)) || = 0,
IVyhi(z, y* () = Vyhi(z, y; (2))]| = 0.
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Next we prove that t/(—h;(x, y/(x))) converges to A;(z) for any ¢, i.e. for any € > 0, there exists T
such that for any 0 <t < T, we have

t
W*—m,ynm‘ =<

Without loss of generality, we prove the case ¢ = 1. If this claim were false, there exists ¢y > 0 such
that for any 7" > 0, we can find 0 < ¢t < T satisfies

t
M(x) - ———F—| > €.
@)~ |
This implies we can find a sequence t;, such that
A1 (z) f >
1(z) = ——F——| = €0
(a7, (@)
for any j and lim;_. t; = 0. Set
7 t
/’L] = >\Z (l’) - .

_hi(xa y;fkj (x))

and let i = argmax; | ,u;-|, we can choose a subsequence of {t;}72, still denoted as {t;}72,, such

that ¢ = i* for any j, where index ¢* is a fixed index. It holds that | “§*| > | u;| > €. Moreover, we

[e.o]

have | u;|/ | u§*| <1 for any index i. Therefore, we can select a subsequence, still denoted as {t;} 721

such that lim;_, ]ué\/\ué] =: (! exists for any i. By (E.9), we obtain

k
t.
)\ix_—]* Vyhi(xz,y; ()] =0 E.10
;< ) —hz‘(fc,ytj(w))) vhi(2, g, ( ))' (E.10)
Let j go to infinity, we obtain
k .
Zﬂlvyhi(xoa y*(z0)) =0
i=1
Recall (3.2) says
1

(9(z,y) — g(z,y"(x))) .

ly —y* (@)l < 7(2)[|Vyg(z, y*(2))]

According to Lemma B.1, which shows g(z,y;) — g(x,y*(z)) < kt, we have

1
IVyg(z,y* (@)

. i kt;
(90,97, (@) = g(a,y" (@) < 7(@)[[Vyg(z, y* (@)

(E.11)

I97,(2) =" @) < s

where 7(z) is the lower bound of the cosine of the angle between y — y*(z) and the Vyg(z, y*(x)).
The right hands of (E.11) is finite because when y*(z) is unique, 7(x)||Vyg(x, y*(z))|| # 0. Therefore,
lim; 00 47, () = y*(x). This implies

. . _ 0
il =t L MO T S|
g0 |ugT| €
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for any ¢ ¢ Z*(xp). Dividing both sides of (E.10) with /J,E and let j go to infinity, we have

|1 (o) - ) oo o)
0= lim

: i*
j—o0 #j

k
D EVyhi(e,yt(x)
i=1

—~
—-
=

> Vb, yt ()

IS (330)

In (i) we utilize the face that 4' = 0 for any i ¢ Z*(z¢). Since 4 = lim;_q0 ]u;*|/|,u; =1, we
also have i* € Z*(x). However, by the LICQ assumption, V h;(x,y*(z)) are linear independent
for i € Z*(xo), which means fi* for any i € Z*(zo). Here is a contradiction, so t/(—h;(z,y; (z)))
converges to \;(z) for any i. O

Lemma E.2. Suppose Assumption 3.1 and Assumption 3.3 hold. If x is an SCSC point, then
there are exact m constraints active and the following matriz is invertible:

k
Y N (@)Vyhi(,y (@) (Vyhile,y*(2)) -

=1

Proof. By Proposition 3.2, z is an SCSC point means y*(x) is unique. Since the lower-level
problem is a linear program, y*(x) is a vertex of a polyhedron, so there are at least m constraints
active. According to LICQ assumption, there are at most m constraints active. Without loss of
generality, assume h;(z,y*(z)) is active for i = 1,...,m. We also know Vyh;(z,y*(z)) are linear
independent for ¢ = 1,...,m by LICQ assumption. Therefore, the following matrix

k m
Y X @) Vyhi(e,y* (@) (Vyhi(e,y* (@) =Y X (@) Vyhi(z, y*(2)) (Vyhile,y* (@) "
i=1 i=1
is invertible. ]

Next, we prove the relation of Jacobians in linear case when ¢ approaches 0.
Proof of Theorem 3.3: We fix an SCSC point xg and prove this theorem at this point. We
intend to present our proof in two steps. First, we will compute the limit of V,y; (z¢) when t goes
to 0. Second, we will compute V,y*(z¢) directly, and then show that they are equal.
Step 1. In this step, we will use the standard process to compute the Jacobian V,y; (o) as follows

Vi (20) = (Vyyge (0, v (20)) ' Vyabi (o, 47 (x0)) (E.12)
= (tVyyGe(x0, 47 (20))) "'tV yegi (o, yi (20))-

where 0 < t < T with some constant T'. Next we will leverage Lemma E.1 and Lemma E.2 to
compute the limit

lin (17,30 (0, 7 (20))) ™49 3 (0, 37 (20)

Since g¢(x, y) is strongly convex in y for any x, by the optimal condition of the barrier reformulated
lower-level problem, we have
Vi, yi (@) =0 Va.
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Note that g; is two times continuously differentiable by Assumption 3.1(1), to get the expression of
Vi (zo), we take the gradient with respect to x at point zp on both sides, yielding

0 =Vay gt (0, y; (x0))

M) - - tVyhi(zo, y; (70))
s <vyg( o viten) +Z <xo,yz<xo>>>

D2 g(z0,57 (20)) + (Vo (20)) T V2y9(z0,97 (20))

+Ztvxhz’($0, i (@0) (Vyhi(eo, i (@) ()T~ V000,97 (00) (FyhuCeo, i (z0))

P hi (o, v} (900)) P hi (2o, v (x0))
Ekl tV3yhi(20,yi (x0)) | (Vou (@) 2’“: V2, (0, 47 (x0)
=1 —h; (an y;fk (.’I)0)> oo =1 —h; ($07 ?J;:k (.CL‘()))

where (i) is by the definition of g;(x,y) and (ii) is by direct computation. Rearranging terms, we
obtain

) 1y hi(wo, y; (20)) (Vyhi(@o, 4 (20)) | | o= (Vayhi(@o, 47 (0)) .
(vyyg(fﬁovyt (z0)) +; 12(zo, 7 (20) +; ~hi(z0, 57 (0)) )vat (o)

_ £V, hi(wo, 47 (20)) (Vahi(wo, 5 (20)) | | <= tVaahi(0, 7 (0))
- (v“g(“’yﬁ (o) +; TENHED) 2 G i (a0) ) |

(E.13)

Lemma E.1 and Lemma B.1 tell us lim;_,o t/(—hi(zo, yf (x0))) = Ai(zo) for any i and lim;_, y; (x¢) =
y*(x0). Thus

k *
hm (tvyyg(ilﬁo,yt x0)) + Z £ Vyhi(zo vi (z0)) (Vyhi(o, vt (:UO)))T +tz tvgyhi(%’yt CEO)))

P h? (o, y; (20)) &~ —hi(zo, v (x0))
k
(:Z N2(20) Vyhi(wo, " (20)) (Vyhi (w0, ™ (0))) T, (E.14)

and

k *
lim (tvymg(ﬂﬁo,yt (x0)) + Z c Vyhi(o,yi (z0)) (Vahilo, yi (:CO)))T + tz tvzmhi(mo,yt <x0))>
=1

t—0 P h2($0, yi (z0)) —hi(zo,y; (z0))
.k
v Z A} (20) Vyhi(wo, y* (x0)) (Vahi(zo, ™ (20))) ", (E.15)

where (i), (ii) are because
21551(1) tviyg(x[)a y:(ﬂfo)) - hmt vyyg(”ro?y*('xo)) = 07
: 2 * _ * _
%E)I(l) tvyxg(x()a Ye (ZL‘())) - }Ig%t ’ Vy:vg(x(]a Y (xO)) =0,

Vo, hi(o, Y7 (20))
: yy' ) It .
I oo gi o)) — Lt M) Vi hiwo,y* (o)) =0,
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tVhi(zo, yf (20))
. yT ) B
ik —hi(zo,y; (z0)) = Hmt- A (20) Vyshi(0, y" (20)) = 0.

By Lemma E.2, the following matrix is invertible

k

> N (20)Vyhi(xo, y* (x0)) (Vyhi(wo, y* (20))) |

i=1
Therefore, again applying

k

= 3" N2 (20) Y hio, y* (20)) (Vyhi(wo. y* (20))

i=1

N 2V b 3 (20)) (ghi. i (20)) T

=0 — hi (o, Y7 (20))

we can find a constant 1" small enough such that

k tQVyhi(:Eo, yf (xo)) (vyhi(‘TOa y: ('TO)))T
2 W20, v (00))

is invertible for any 0 < ¢ < T. This implies the invertibility of

k9 * * T k 2 7. *
t*Vyhi(zo, y; (o)) (Vyhi(zo, yi (z0))) tVyyhi(zo, y; (z0))
tV2 g(zo, yi (z0)) + g Y Y +t vy .
otrovileo) + 2 h2 (0, 47 (x0)) Z@ < i, i (20))

for any 0 < ¢t <T. By (E.13), we derive the expression of V,y; (zo) for any 0 <t < T

. 90,7 (20) (TyhiCro, i (20))) T o 193 bl i (@) ]
Vi (z0) = [tvyyg(xovyt o) +; h2(zo, y; (0)) +t; —hi(zo, yi (w0)) ]

(0, ¥{ (%0)) (Vzhi(wo,y; (0))) tz tV <Ni(To, Yy (»TO))]

12 Vyhi
t
X [vyxg(xovyt (L‘o +Z _h (anyt x'o))

2 K220, v7 (20))
From (E.14) and (E.15), we have

k 2 -1
hm Vg;yt IQ) = hm (; <h(1‘0,yt($0))) Vyhi(ﬂf(), y;ik(x())) (vyhi($07 y;fk (mU)))T>

M»

2
( B0, (960))) Vyhi@w:(wo))<vxhi<xo,y:<xo>>f>
1 i\L0, Yy

7

> |l

=1
k

Z)\Q xO v h (IO)yt (‘TU)) (v h x()?yt (L‘O)

(Z)‘ :EO v h (mO’yt (330))( anyt LL‘Q

Step 2. In this step, we will estabhsh that

M»

I
—

A

-
g

A2 (20)Vyhi(zo, ¥ (20)) (Vaohi(zo,y

A7 (20) Vyhi(zo, y*(20)) (Vyhi(zo,y )

M»

I
-
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A -1
=- (Z Ai(20)Vyhi(zo, y"(x0)) (Ai(0) Vyhi(zo, y*(ﬂé‘o)))T)

i=1
k
x <Z Ai(z0) Vyhi(zo, y* (20)) (Ai(wo)Vxhi(wo,y*(wo)))T>
i=1

By the continuity of h;(x,y) and Lemma B.3, i.e. the continuity of A;(x), we can select a neighborhood
U of xg such that the active index set for any point in U is the same as that of zy. According to
Proposition 3.2, z is an SCSC point, which means y*(x) is unique. By Lemma E.2; there are exact
m constrains active at point zg, we assume h;(zg,y*(z9)) =0fori=1,....m,and i =m+1, ...k
are inactive. Therefore, y*(z) is the solution of the following m equations

hl ({L‘, y)
: =0.
hm(x,9)

for any x in U. Since A;(xg) > 0 for any active index at point xp with i = 1, ..., m, these equations
are equivalent to

Ai(zo)ha(z,y)

Non(20) o (1, 9)

Replace y by y*(z) in these equations, we have

M (zo)hi(z, y*(z))
5 =0.
These hold for any x in U. Take gradient for x on both sides, we obtain
A1 (20) V) ha(x, y* () A1 (20)Vy ha(z, y*(x))
: + : Vay'(z) =0
A (20) V) hun (2, y* () A (20) V) B (2, y* ()
for any x in U. Multiply the matrix (Ai(zo)Vyhi(z,y*(2)), -, Am(z0) Vyhm(z, y*(x))) to both

sides and moving terms. Note that the index i = m+1, ..., k are inactive at point xg, then A\;(xg) = 0
fori=m+1,...,k. We finalize

k -1
Vay* (o) = — (Z Ni(20) Va0, y* (20)) (Mi(0) Vb, y*(xo»f)
=1
k
x <Z Ni(20) Vyhi(o, y* (o)) <Ai<xo>vxhi<xo,y*(a:o)))T) (E.16)
=1

= }g% Vi (z0).

This completes the proof.
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E.3 Proof of Theorem 3.4

Lemma E.3. Suppose Assumption 3.1 and 3.2 hold, then we have t/(—h;(x,y/(x))) converges to
Ai(x) uniformly for any i.

Proof. The KKT condition of original problem is

k

Vyg(z,y* () + > Xi(@)Vyhi(z, y* (z) = 0. (E.17)

i=1
By subtracting (E.17) from optimal condition equation of barrier reformulation, given below,
k t

Vyg(a,yi () + > Yo

- it gy v @) =0

we derive the following expression

It follows that

0 =Vyg(z,y*()) — Vyg(z,y; (z))
k

+ Y (Ni(@)Vyhi(e, y*(2)) = Xi(@)Vyhi(e, y; (2)))
i=1

k

£ 3 (M@ T e @) - T i) )
=1

=Vyg(z,y" () — Vyg(z, y (v))
k
i=1
+
1

>
i (M) = iy ) Fohitoaia)

)

k ; *
ZZ <A"<x) - —h<y<x>>> Vyhi(z, y; <x>>H

< Vyg(z,y*(z)) — Vyg(z, y; (z))|| +

ZA y*(z)) —Vyhi(x,yé‘(ﬂf)))H

<[IVyg(z,y™(x)) = Vyg(z,y; ()| +Z!)\ IIVyhi(e, y™ () = Vyhi(z, g ()| (E.18)

Next we prove that ¢/(—h;(x,yf(x))) converges to A;(z) uniformly for any 4, i.e. for any € > 0,
there exists T such that for any z € X and 0 < ¢t < T, we have



Without loss of generality, we consider the case ¢ = 1. We prove this by contradiction. If there
exists €g > 0 such that for any T > 0, we can find x € X and 0 < t < T satisfies

R
—ha(z, y; (x))

This implies we can find a sequence (xj,t;), such that the following holds for any j

)\1 (l’)

‘260.

L
—h1(zj, 47 (x5))

Ar(wy) — > €,

and also we have lim;_, t; = 0. Since X" is compact, we can assume lim;_,,, x; = x¢9. Set
tj
—hi(zj, y; (x5))

w5 = Ni(zg) —

and let i} = arg max; |u§-|, we can choose a subsequence of {(z;,#;)}32;, st111 denoted as {(z;,t;)}724,
such that 7 = i* for any j, where index ¢ is a fixed index. It holds that [u} | > | ,u]l| > €¢9. Moreover,
we have |u}|/] ,ué] < 1 for any index i. Therefore, we can select a subsequence, still denoted as

{(z,t7)}321, such that lim;_ ]uﬂ/\,u;\ =: fi’ exists for any i. Apply (E.18) to (x;,t;), we obtain

(E.19)

It is worth noting that
lim (Va3 (2)) = FyhaCao, o (20))) = 0 (E.20)
Tim (V,9(a;. 57, (2)) = V,9(a0. " (@0)) = 0. (E.21)

This is because, by Lemma B.1, y;(x) uniformly converges to y*(z). Under strongly convex setting,
we also know y*(z) continuously depends on z. According to Lemma E.6, Yt (x5) converges to
y*(xo), which implies (z;, y; (2;)) converges to (zo,y" (o))

Note that A;(z;) is uniform bounded by Lemma B.3, the right-hand side of (E.19) converges to
0. Dividing both sides of (E.19) with p; and let j go to infinity, it follows that

k
> WiV yhi(xo, y* (20)) = 0.
=1

Applying Lemma B.1 to (x;,t;), we have

* * 2
1Yz, (x5) = y™ (@)l < | —kt;.
Hg
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This means lim; o y7; (2;) = y* (o). Therefore, the following holds

i . 0
N G e merwrem)]

i) = lim —= < =0.
J—o0 |Nj ‘ €0
Thus, we have
> ['Vyhi(zo, y*(z0)) = 0.
1€Z*(x0)

Since it = limj_c0 ]u;*]/\,u;\ = 1, we also have i € Z*(x¢). However, by the LICQ assumption,
Vyhi(wo, y*(xo)) are linear independent for i € Z*(z¢), which means /i’ = 0 for any i € Z*(z(). Here
is a contradiction, so t/(—h;(x,y; (z))) converges to \;(x) uniformly for any i.

O

Lemma E.4. Suppose Assumption 3.1 and Assumption 3.2 hold, and x is an SCSC point. Then
limy_,0 Vi (z) exists.

Proof. Denote Z*(x) be the set of active index at y*(x). Since LICQ assumption is satisfied at y*(x),
{Vyhi(x,y*())}iez+(2) are linearly independent. By Lemma B.1 and Lemma B.2, y; (x) continuously
converges to y*(z), so we can assume that ¢ is sufficiently small such that {V,h;(z, y{ (z)) }iez+(2)
are linearly independent. Following (E.12) in the proof of Theorem 3.3, we derive

(z,y; x) —hi(z, y (z))

Vi hi(z, vy
« (vylg r,y (@) + Z ) (x) Vyhile, i (2)) (Vohi(z,yi (2))) T + ZW)

Unlike the linear case, handhng the strongly convex case becomes extremely challenging. The
reason is that in the linear case, the limit of a few terms in the above expression (e.g., AF(z) and
Dy(z) to be defined later) are invertible, but this is no longer the case without linearity. Therefore,
it is necessary to develop a new set of tools.

Denote the following terms as

Vayi(2) = - ( (v (o +Zth2 Vil (2)) (Vi (1)) +ZN"”W”>

i) = h(ru(x
Ut( ) —h: ($ yt( ))vyhj( ayt( )) (E22)
(x

vl (@) = X (@) Vyhy (2,57 () (E.23)
Vi(z) = span{(t(x)) hi(z,yf(z)) i€ {1,...,5} NI (x)} (E.24)

V"':span{)\v hi(z,y" () i € {1,....j} NT*(x)}

Alw) = Y @) @)

J 2
= 1mvyhi(%yf(m)) (Vyhi(z,yf (@), G=1,....k
=1 1\ It

V2 (z,y;
By(z) = vyyg z,y; () + Z ! @ yty( ())>)
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Bl (x) = Al(z) + By(=) (E.25)
B(z) = V2,g(z,y"(x +ZA (@)

tV hi(@, v ()

Ct(x) vy:}:g x yt + Z

(z,y; (2))
C($):V2mgaj y( +Z)\ (@)
Dy(z) = zk:ltzv hi(x,yi (x)) (Vehi(x y*(x)))T (E.26)
i:1th12(xvyf(l‘)) v gt 2 i, Yy ,

where 7*(x) denotes the set of active index at the point (z,y*(x)).
By the above notations, we have

Vayi () = (4F@) + Bu(@))  (Cu(@) + Du(a)). (E.27)

We will demonstrate the convergence of the above two terms separately.
Step 1. To prove that the following limit exists,

lim (4f(x) + By(x)) " Cula)
B

we will show lim;_,o Cy(x) exists and lim;_, (Afé€ () + t(ac))f1 exists as a linear transformation.
By Lemma E.3, i.e. lim;0t/(—hi(x, yf(x))) = Xi(z), and Lemma B.1, which shows lim;_,o y; (z) =
y*(x), we have

tV Lhi(z,yr (z))
(z, y; ()

lim Cy(x) = lim V3, g(z, 7 (a +Z

t—0

k

= Vieg(@, 5" (@) + ) Ni(@)Vighi(z,y* (x)).

=1

Now we prove limy_,o(Af(z) + By(x))~! exists, which is the key point of this proof. We proceed
by induction.
If j = 1 is an active index, note that

Al(x) = Y o) 0i)T

i=1

Applying the Sherman-Morrison formula, we obtain

_ 1 T -
(4ha) + Bl = (fuh@) (o) +Bt<x>)
By(w) v} (@)} (2) Bu(x) "

_ )1
= Ble)” 2+ vl (x) " By(x) "

=

~~
8

N—
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To prove lim;_,q (A + By(x ) ! exists, it is sufficient to show that lim; .o B;(z) and lim;_q v} ()
exist, and lim;_,o v} (x ) By(z) v} (z) > 0. Applying Lemma E.3, and Lemma B.1 again, we obtain
t

%E}%Utl( ) = %;Om %Eg%v hi(z,y; (@) = M (2)Vyhi(z, 5" (2)) =v'(z).

Since B(x) = V2, g(x,y*(x)) > 0, it follows that

k -1
lim By ()~ = (vgyg(x,y*(x» +) Ai(x)viyhi(x,y*@))) = B(x)™' -0,

i=1
Under the LICQ assumption and given that we have assumed index 1 is active, we have v'(z) # 0.
Therefore, limy_,0v}(z)" By(z) 'vl(z) = v'(z) T B(z) "0!(z) > 0, implying

lim(Al(z) + By(z))"! = B(zx) "' — B(in)_lvl(l')vl(gj)TB(;L‘)—l'

i o) B@) ol (a)
If j =1 is an inactive index, we obtain
i 41
Cm g ey () (Vb (i )
C =0 t W2 (z,yf () Y 1% Ut yMe, Ye
. t T
=lim ————<Vyhi(z, 5/ () (Vyhi(z,y; (=
150 h%(l’,yt(l‘)) Yy 1( t( ))( y 1( t( )))

Therefore,

lim (A} () + By(z)) ! = B(z) ™.

t—0

Next, we prove the existence of lim;_o(A¥(x) 4+ B;(z)) ™! by induction. For j = 1, we have proved
the existence of limy_,o(A7(z) + By(z))~!. Suppose when j = j, limy_o(A7 (z) + By(z)) ™! = Gg(x)
exists, where G;(a:) is some quantity to be specified soon. We will prove that for j = ;—I— 1,
limy_yo (A7 (2) + By(x))™! = limy (B (z))~! =: G3+1(x) also exists, by considering two cases,
depending on whether j + 1 is active or not.

Case 1: j = j+ 1 is an active index. Again using the Sherman-Morrison formula, we find

(A7) + Bula)) ™ = God H@nd @)+ AlG) + B

O (L7 @yf @)+ Bl(x) !
s 1 Bj@) o @ @) B
240" (2) B(x) o)

(E.28)

(i) is because the notation in (E.25). Note that lim; .o v]+ () = X5, (@) Vyhs (2,57 (2)) exists,

and by the induction hypothesis, lim; g Bt (r) = GI () exists. Then to show that the limit of
(E.28) exists, it is sufficient to prove that
~ T ~ — ~ T ~ ~
lim o/ " (z) B (x) W @) = o (@) @) () > 0. (E.29)
—
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~ ~ -1 ~
Towards this end, let us first define w? ™ (z) := B/ (z) /™ (z), then it suffices to first show that

~ = ~ T ~
wit (x) = limy_ow! T () exists, then v+ (z) w/t!(z) > 0 as desired.
To proceed, let us first observe that the following two limits exist:
lim (A7 By(z))™! = lim BY =G’ E.
li (4](2) + By(2) ™! =l Bf () = G (x) (8.30)

%E)% ’Ug—H (x) = )‘}+1(x)vyhj+1 (.CE‘, y* (x)>>

which represents that lim;_q w?“(x) = limtﬁo(Ag(a:) + Bt(x))*lv,{ﬂ(aﬂ) also exists.
Next we calculate w/*!(x) = lim;_,o wg *1(z) indirectly. We decompose vg () and wgﬂ(x) as

vl (2) = 0+ 0 and w! T (z) = @y + Wi respectively, with oy, d; € V7 (x) and o, o € (V{ ().

Here V/ () defined at (E.24) is

Vt](x) = span{_h' Vyhi(z,y; (z)) i€ {1,...,5} NT*(z)}.

i(z,y; (z))
A key observation is, since the term Ag () in Bg () has the potential to approach infinity, Bf (x)

will stretch vectors in the subspace th (x) to infinite length, hence its inverse will compress vectors

in th (x) to zero. We will demonstrate that the limit of @, is zero, and then compute the limit of
Wit
We will first show that the decomposition vectors v, Wy, f),f‘, u?f* also have limit when ¢ goes to

0. Note that the projection map has a matrix representation:

i = proi 5wl 7 (0) = B (i) B) B ) Tl @),
where Fy(z) := {[vi(z)] : i € {1,...,j}NT*(z)} is the matrix with columns as the vectors v!(x) for i
{1,...,7}NZ*(z). According to Lemma E.3, and Lemma B.1, v}(z) converges to v'(z) for i =1, ..., ].
By LICQ assumption, F(x)! F(z) is invertible, where F(z) := {[v'(z)] : i € {1,...,j} NZ*(z)} is the
matrix with columns as the vectors v(x) for i € {1,...,5} N Z*(z). Note that lim; o Fi(z) = F(z),
we confirm

lim Fy(2)(Fy(2)' Fi(2)) " Fy(w) " = F(a)(F(2) " F(2) "' F(x) "
exists. Therefore 1y converges, and the convergence of ;- = wz +1(£L’) — wy follows. The convergence
of ¥ and 13# can also be obtained by a similar process. Denote w = lim;_,g Wy, Wt = limy_o uA)tL and
O = limy_y 0y, 0 = limy_y0 07"
Note that
by + 0F = vg—H (z)

= (4l(@) + Bu(@) ) wi ™ ()

= (4@) + By(a)) (1o + ")

= Al ()i + Al (x)di" + By(x)wy + By(a)i, (E-31)

We will compute convergence of some terms in (E.31) which are needed to prvove (E.29)

o4



1. Claim: limy o A7 (z)ii = 0.

Proof. This is because

J
= R . 1 T.
tim 4] )it = lim > i) o
@ . 1 i i T .
= %I_Y)% Z ;Ut(x)vt(x) wtj_
i€{l,...; \Z*(z)
. t * *
= lim Z ﬁvyhi(%yt (x))vyhi(l'ayt( ))thL
t—=0 = i(%.%s (z))
1€{1,....5 }\Z*(z)
(i) 0,

where (i) is because vi(z) € Vt (), (Vt]( N*, and v (2)w;i- = 0 for any i € {1,...,5} N
T*(x), and (ii) is because lim;_,o[t/h? (w yi(z)) = 0/h2(1‘ y*(z))] = 0 for any i ¢ Z*(x);

2. Claim: lim;_,gw; = 0.

Proof. If limy_,gw; =: ¢ # 0, it must be that { € V;(SU) since w; € th(:c) for any t.
Consequently,

: J NS4 Tt 1 ~ —
ti 4f o] Clim | S ek | = (532
1€{1,...,5}NT*(x)
where (i) is because lim;o[t/h2(z,y; (z))] = 0 for any i ¢ Z*(z) and also lim;_,o ;- = b+
exists. (E.32) implies that limy o [|A] (z)iy + A (2)if + By(x)iy + By(w)ii || = oo, since
limy ||Aj( Yioi- + By(x)iy + By(x)iik|| exists as all three terms in || A7 (2)di + By (x)iy; +
Byi(z)wj- || have limits. However, lim; o ||0¢ + 05| = HUJ( )|| < co. Combining these facts

with (E.31), we have

00 > lim ||6; + 0| = lim || A (2)d; + Al (@)} + By(x)iy + By(x)if || = oo.
t—0 t—0
Here is a contradiction, so we conclude lim;_.¢ w; = 0;

3. Claim: lim;_,o B(x)w; = 0.

Proof. According to Lemma E.3, and Lemma B.1, it is easy to see lim;_,o Bi(z) = B(x).
Note that lim; o w¢ = 0, we can directly get lim;_,o Be(z)w; = 0.
Based on the above results, we are able to compute wEH(:B) = limy_g wg Jrl( ) = limy_o Wi = Wt
as follows:

1. Consider a linear transformation %(x) restricted to (Vj(:zc))L as follows
HB(x)(v) = proj(vg(x))LB(x)U

for any v € (Vg(a:))L. We show that #(x) is positive definite. Suppose there exists a
non-zero vector 7 € (V;(x))l such that n'%(x)(n) < 0. Decomposing B(z)n = n1 + 12,
where 11 € VI(z) and no € (VI(z))*, then " B(x)(n) = nTproj(V;(w))LB(:v)n =nTn <O0.
Hence 0" B(x)n =n"(m +n2) = n"n2 <0, contradicting the fact that B(z) = V,,9(z,y*(z)).
Therefore, %(x) must be a positive definite linear transformation from (Vﬂj(m))L to (Vg(x))L;
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2. Consider the inverse of #(z) on (VE( ))L denoted as (#(x))~!. We extend the linear

transformation (2(z))~! : (VI (x))+ — (VI(z))L to a lincar transformation % () defined on
R™ as follows

~ 0 ifve VF(x) ( )
B(x)(v) = ~ i E.33
()(v) (#(2)) M v) ifve (Vi) .
and %(zx) remains positive definite on (Vj(x))L, as (#(z))~ ! is positive definite;
3. We will show that lim;_, wgﬂ(:v) = f@(:n)(v;“). By calculation, we have
o+ o = lim 6 + 0
t—0
TR A
= %g% vy ()
T ]+1
= lim (4H@) + o)) i
:%im< +(x) + Bi(x )(t—l-wt)
— lim (A]( Yoy + Al (2)dit + By(z)i; + Bt(a;)wf)
=0
© tim Al (2)d, + B(x)dt
t—0
BT 13 ) * ) * T A ~ 1
—lm 3 e V@ @) Vs v (@) e+ Bl
1€{1,....5}
(i) ,. t " " T . “
= }E}% Z mvyhg‘(l‘,yt (2))Vyhj(z, y; ()t + B(x)ir-

ie{l,....;NT*(z)

= > (hmtvyhm,yzﬂ(w))w)vyhi<z,y*<x>>+3<xw

— t—0 h2 €T
i€{1,...; YNT*(x) (2, y (2))

where (i) is because lim;_, Ai(a:)fuﬁf- = 0, limy— Be(x)w; = 0, limy_,o Bi(z) = B(x) which
have been shown in the claims we proved before, and (ii) is because lim;_,0t/h?(x, y; (z)) =0
for any i ¢ Z*(x). Note that the vector

> (hm tvyhxx,yz‘(m»w) Y hi(ey* (@)

b t—0 h2 T
ie{1,...J}NT*(z) (@, y; (2))

1

is in the subspace V}(m), then 0+ = proj(Vg(x))LB(x)w = %B(x)(w"), implying limy_,o wj+ (z) =

it = (Bl)) " (o) = Blo) W),

To conclude, we get the result that wit! (x) = fé(m)(v;“). Under the LICQ assumption and

the assumption that j + 1 is active, we have 9+ = proj(vg( ))ij“(x) # 0. Otherwise, if
€T

proj(vg(x))¢v3+1(x) = 0, then v/*! (x) € Vj(w), which implies v/*1(x) can be expressed as the

linear combination of v*(x) where i € Z(z) N {1,...,j}. Note that v’(z) = Xi(2)Vyhi(z,y*(x)), and

96



Ai(z) > 0 for any ¢ € Z(z). Thus V h]Jrl (z,y*(x)) can be expressed as the linear combination of
V,hi(x,y*(x)) where i € Z(x) N {1,...,j}. This contradicts the LICQ assumption.

Hence,

tim ol a) B(@) @) = (64 00T+ )
= (o + o) Tt
Q5T (B(2) " (01 (E.34)
9o, (E.35)

~ -1 ~ 1
where (i) is because o'W+ = 0, and (ii) is because B} (z) is positive definite in (VJ (:L')) It

follows that

2 Bl@) @ @) Bl@)

"Bl@) v (@)

()

oL (B(x)) (o)

glm(AJ“( ) + By(x)) ™ —}H%BJ( x)
s - 240 (e

- B(w) (b4 (2)) (B
gy 2 ) (2

)
)

exists. We have proved the existence of limy (A7 ™ () + By(2))~" when j = j 4 1 is an active
index. N
Case 2: j = j+ 1 is an inactive index. In this case, we have

-1

. j _ . t . . T 5

lim(A7" (2) + By(2)) ! = lim (vahjﬂ(x,yt (z)) (Vyh;+1($,yt (x))) + B (@)
= tim (157" (2) + B](2)) .

where
1

h3 (@, yi (z))
Note that the following limit exists

E](z) := Vyhi(z,yi (2)) (Vyhi(e, 57 (@)

~ 1 T
: J+1 _ - * _ *
EE ) = g ey Vi 0V @) (Voo @) -
J
Further, by inductive assumption, the following limit exists
—1 ~

lim Bj (z) = lim(A](2) + By(z)) .

t—0

t—0

Further, assuming ¢ is sufficiently small, applying Taylor expansion

(Bi(z) + B (2)) " =Bi(2)  — tBi(z) E*\@)Bi(x)
~ -1 ~ ~ -1 ~ ~ —1
L 2Bl(x) EIY(0)Bl(x) EIT@)Bi(x) ..
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_B (2)+O().

- 4 1 ~
Thus, limy_o (AT (@) + By(z))~! = limy_ <Bg (x) + O(t)> = G7(x) which is defined in (E.30).
To conclude, we have proved
~1
lim (Af(@) + Bi(2))  Ca(w)

exists regardless of whether j is active or inactive.
Step 2. Now go back to (E.27), we will show that lim; ,o(AF(z) 4+ By(x)) ™' Dy(x) exists. By the
notation (E.26), we have

I
-
| =

@
Il
—

2
Di(x) (t(m))) Vo (2) Vo (2, 5 (2)

—hj(CU, y;fk

ot
<t~y (i (@)

Note that by Lemma E.3

ot
—hj(x, yi (x))

I
M-
&+ | =

vty ) vzhm,yz‘(x)))T

(2

lim <tv hilz *(;p)))T—()\-(x)V hilz *(:L,)))T
=0\ —hy (g () I ) AR S

then it is sufficient to prove that the following limit exists for any j:
1 t
t —hj(z,yi (x))

Without loss of generality, assume j = k. Otherwise, simply swap the positions of the j-th and k-th
constraints.
If £ is an inactive index, then we have

lim(A (2) + By(x)) V,hy (@, g7 ().

1 t 1 1
lim-—— Y, hp(z, y(2) = lim ———— Y, hp (2, 5 (1) = ———————
B T Tty v @) = iy v v @) =

It follows that

Vyhi(z,y* (z)).

a1t

t —hi(z, yf (x))
. o1 t
= lim (A} (2) + By(x)) ™" N TG i (@)
1 *
el ) )

Vyhi(z,y* (z)),

}%(Af(x) + By(z)) Vyhi(x, y; ()

Vyhi(z,y; (x))

= lin(Af (2) + Bu(x))
IS N
“hi(a, (@)

where G¥(z) is defined in (E.30).
If k is an active index, then we have

=G" ()

L1t

. ot
(Af (@) + By()) "+ (@, v (@)

Vyhi(z, y; ()

o8



(E.36)

In (i) we plug in mvyhk(x, yi(x)) = vf(x), and (ii) is by the Sherman-Morrison formula.

This converges is because: as t converge to 0, by replacing } with £ — 1 in (E.34), we obtain that

lim Uf(m)T (Af_l(x) + Bt(x)> vF(z) is positive.
Finally lim; 0 V,y/ (x) exists since
Vayi () = (Af(x) + By(2)) " (Ci(x) + Dy(x))
and we proved the convergence of the two parts in the above two steps. O

The following two lemmas are used in the proof of Lemma E.7.

Lemma E.5. For a family of vector-valued function {fi(z)};cr+ defined on a compact set U, if
fi(x) point-wisely, but not uniformly, converges to f(x) whent goes to 0, then there exists a sequence
{(@j,t;)}32, such that xj converges to & and t; converges to 0 but lim; .o fi;(x;) does not exist.

Proof. By e-6 Language, fi(x) does not converges to f(x) uniformly means there exists a constant
€o such that for any 7', there exists a point = and t1, to < T satisfying || fi, () — fi,(z)]| > €0. We
construct the sequence (t;,z;) as follows:

/

e For any j > 1, set T; = 1/j. There exists ¢

1> U559 < Tj and a point 2; such that
I @) = fu @Dl > o

e Since U is compact, choose a subsequence of {(z,t} 1, 5)}321, still denoted as { (], 1} 1, 5) }32

30 75,10 75,2 J 73 752/ =1
such that lim; x; = ¢ for some point Z;

/

e For any j > 1, set w251 = 29j = x;

and tijl = t;,l’ tQj = t;-72. Then we have

| fro;—1 (T2j-1) = fro; (w25)[| > €0, Vj>1. (E.37)
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It is not hard to see that limj o x; = lim;_ o x; = %;. However, {fi, (x])}‘;‘;l is not a Cauchy

sequence by (E.37). We conclude that lim; . fi;(7;) does not exist. O

Lemma E.6. Suppose {fi(z)}ier+ is a family of matriz-valued functions defined on U. If fi(x)
uniformly converges to a continuous function f(x), and {(z;,t;)}32, is a sequence such that
lim;j o0 tj =0 and lim; o v =  for some Z, then lim; . fi;(x;) = f(Z).

Proof. By uniformly convergence, for any €/2 > 0, there exists T" such that || fi(z) — f(z)]| < €/2
for any 0 <t < T and x € U. Since limj_, t; = 0, we can find J; such that ¢; < T for any j > Jj.
Note that f(z) is continuous, for any €/2 > 0, there exists § such that ||f(z) — f(2)| < €/2 for any
x satisfies ||z — &|| < 0. According to lim;_,oc x; = Z, there exists T5 such that ||z; — || < 0 for any
0 < t < Tj. To conclude, for any € > 0, we can find J = max{.Ji, Jo} such that for any j > J we
have

1fe; (25) = F@) < [fe; () = flp) |+ [1f (z5) = f@)]] <
The proof is complete. ]

_l’_

= €.

|

Lemma E.7. Suppose Assumption 3.1 and Assumption 3.2 hold, and x is an SCSC point. Then
there exists a compact neighborhood U of x such that V y; (x) converges uniformly in U. Compact
neighborhood is a compact set containing an open ball centered at x.

Proof. We fix an SCSC point xg and prove this result at this point. We select a compact
neighborhood U of zq satisfying the following properties:

e The active index set for any point in U is the same as that of zg, and \;(x) > 0 for each active
index as long as U is small enough, because \;(z) is continuous, and z( is an SCSC point;

e There exists H > 0 such that the inequality h;(z,y*(z)) < —H < 0 holds for any inactive
index ¢ and any x in U. This can be satisfied when H and U are small enough because \;(z),
hi(z,y*(z)) are continuous in z, and z( is an SCSC point;

e There exists a constant 7" such that the vectors Vyh;(z, y; (z)), where i € {1,..., k} N Z*(xo),
are linear independent for any 0 < ¢ <T'. This because the LICQ assumption is satisfied at
point (z,y*(x)) and Vyh;(z,y; (z)) converges to Vyh;(z,y*(x)) uniformly by lemma E.3.

Using the notation in lemma E.4, we have
Vayi (2) = (4§ (2) + By(2)) " (Cul@) + Dy(x))-

To prove V,y; (z) uniformly converges in U, it is sufficient to prove that (AF(z) + Bt(x))_l Cy(x)
and (A4;(z) + By(x)) "1 Dy(x) converge uniformly in U separately.

Before detailed proof, we give the following uniform convergence which can all be directly
obtained from Lemma B.1 and E.3, i.e. y/(x) converges to y*(x) uniformly, and t/(—h;(z, y; (z)))
converges to \;(z) uniformly

i t

lim v} () = lim

lim lim vahj(% y; () = Aj(2)Vyhj(z, y*(2)); (E.38)

k

lim By(2) = lim V7, g(2, 47 (2)) + 3 Viuhi(z, i (2))



k

= Vyy9(,y" (@) + Y Xi(@) Vi hilz,y* (2)); (E.39)
i=1
k

. T 2 * é
lim () = lim Vy,9(z, y; (2)) + >

mvzzhi(% y; (7))
i=1 IV

k

= V5a9(@,y* () + Y Xi(@) Vi hi(z, y* (2)). (E.40)
i=1

Step 1: We will prove (Af(z) + Bt(x))fl Cy(x) converges uniformly in U by contradiction. If it
does not uniformly converge, we will identify a subsequence (z;,t;) such that z; converges to & € U,
and t; converges to 0, but (Afj (75) + By, (xj)>7l Ct;(x;) does not converge to P()(C(#)), where
P is defined in (E.33). However, we will show that for that kind of sequence, we can always have
lim;_,o0 (A,’fj (75) + By, (Cﬁj)>_1 Ci;(xj) = %(#)(C(#)), which leads a contradiction.

Denoting Ci(x) := [Ct1(x), ..., Crn(x)]. Note that

(a0 + Bi)) " Cuta) = | (Ab@) + @) Cuato). -+ (k) + Bul)) Cuato).
it is sufficient to prove that limy o (Af(z) + Bt(alc))f1 Ct,i(z) converges uniformly for any i. Since
Cy(x) converges uniformly by (E.40), we denote Cj(x) := limy—0 Cy ().

By our design of U, the active index set Z*(x) = Z*(z() remains unchanged for any x in U.
According to (E.33) in the proof of Lemma E.4, we know limy_,o (A (z) + Bt(a;))_l Ci(x) can be
computed as follows:

. K o) = BN = 3 ° if C;(x) € VF(xo)
lg (4F(z) + Bi(w))  Cile) = B(a) (G ))_{%(x)l(Ci(x)) if Ci(z) € (VF(xo)) ™

Now we prove that (Af(z) + Bt(x))_l Ct,i(z) converges to P(x)(Cy(x)) uniformly for any . If this
does not hold for some ¢, by Lemma E.5, there exists a sequence {(z;, tj)};’ozl such that 0 < t; <T
for any j, and limj_, t; = 0, lim;_, x; = & for some point £ € U, but

-1
. k
lim (A (2) + By, (7)) Cpalay)
-1
does not exist. We will demonstrate that (Afj (z;) + By, (:Uj)> Cy; i(zj) has a uniform bound for
J so that we can find a subsequence, still denoted as {(z;,¢;)}32;, such that
-1
lim (Af (2;) + By, (2;))  Cyiley) (E.41)

Jj—o0

exists but not equal Z(2)(Ci(2)). Then we will show that the limit of (E.41) must be %(2)(Ci(2)),
induces a contradiction.
Note that

Az’fj (w5) 4+ By, (x5) = By, () = Vf,yg(xjay; (5))

and g(x,y) is pg-strongly convex. Thus, we have



is uniformly bounded. Note that C;(z) converges to C;j(z) uniformly, C;;(x) can be seen as a
continuous map defined on [0,7] x X. Therefore, Cy;(x) also has a uniform bound for any ¢ and x.

1
Therefore, <Al’C (z;) + By, (ZL'j)) Cy;i(zj) has a uniform bound for any j.

We choose a subsequence, still denoted as {(z;,;)}72, such that

—1
lim wy, (xj) = lim (A,’fj (xj) + By, (@)) C’tj,i(xj) =w

Jj—00 j—00

but w # B(2)(Cy(&)). ) A
Decompose Cy, i(7;) = G + C and wy, (z;) = Ww; + uA)jL, where Cj, w; € ‘Q’;(xj) and C’]-L,

e <V;] (l‘j)) . Here by notation given in (E.24)

_t
_hi(x7 Z/ik(ﬂﬁ))

is from (E.24). We want to show that C’ C] ,
Note that

V/ (z) = span{ Vyhi(z,y; () i € {1,....5} N T"(2)}

w; and w]i all converges when j goes to infinity.

C’j = prOth'; (xj)Ctjvi(xj)

= iy () (Fyy () Py () By (2) " Cryi(ay)

where I, () is the matrix with columns as the vectors vgj (x5) = (t;/(=hi(zj, y7 (25)))) Vyhi(z;, y7, (25))
for i € Z*(z). Since we have the uniform convergence by (E.40), and clearly Cj(z) is continuous in
z, by Lemma E.6, we get lim; o Ct, i(7;) = C;(Z). It is sufficient to prove

Fiy () (P (o) TRy () iy (a)T

also converges. According to (E.38), we know v} (z) converges to \;(z)Vyh;(x, y*(z)) uniformly. Note
that A\;(z)Vyhi(x,y*(x)) is continuous in z. By Lemma E.6, lim;_, v%j (x]) = v%(2). This implies
lim; o0 Fy; (%) = F(2) where F'(2) is the matrix with columns as the vectors \;(#)Vyh;(Z,y* (%)) for

i € I*(z). By LICQ assumption F'(2) F(&) is invertible, we obtain Fy (z;) (Fy, (z;) " Fy, (z )) - Fy(x;)"
converges to F(Z) (F(QA?)TF(.CIAZ))il F(2)" when j goes to infinity. Therefore,

lim C = hm

fin =
(Fute

prOJVk( )Ctj (x])>

jliIgo Fi(z ) Fi(z ))_1th(wj)TCtj’i(xj)>
jlggo (F ]-)Tth(xj))lth(mj)T) lim (Ciya(ey)
(F :):) LR Ci(3)

By the same method, lim;_,o w; =: W, limj_, CA‘]L = Ct = Ci(z) — C, and lim;_ ,ij =W =
w — w all exist.
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Next, we will show that

—1 ~
lim (Af (2;) + By, (@) (Ciyalwy)) = lim w, () = B(@)(Ci()),

Jj—00 Jj—00

to contradict our assumption that

lim (AZ (l‘]) -+ Btj (;cj)>71 (Ctj,i(xj)) ?’é ,9?(@)(01(56))

j—o0
Note that

Cj+ G5 = Cy, ()
= (AF (23) + By, () ) wy ()
= <A7’fj (z;) + By, (x])) (wj + ij—i—)
= A ()i + Af ()@ + By (x)w; + By, ()5
Similar to the proof of Lemma E.4, we will prove the following three results:
1. Claim: lim;_, A,’fj (:CJ)ZZ/]J' = 0.

Proof. This is because

1 . , T
i k Al o1 ; i R
jglgoAtj(xj)wj _}5202; ?vtj(xj)vtj(l‘]) Wi
D s L T.
- glggo Z S v, (@), (25) w]L
i€{1,....k}\Z*(z0)
. ¢ ) * A
! i€{1,...k\T*(z0) * 3o Yt (T
(i) 0,

N

where (i) is because vgj(acj) e Vi(x), uﬁj e (V/(x))*, and then vfj(a:j)wjL = 0 for any
ie{l,..,k} NT*(xp), and (ii) is because

(t/03 (,u7, (x5))) = (jlggotj)/h?(i,y*(@)) <O0/H? =0, Vig¢I(w).

lim
j—00
Here H, we defined before, is the lower bound of —h;(x,y*(x)) with x in U and inactive index
i
2. Claim: lim;_, w; = 0.

Proof. We prove this by contradiction. If lim;_, 1; =: ¢ # 0, it must be that ( € V*(%)
since w; € Vt'; (x) for any j. Consequently,

) % o) 1 . ; T.
Jim [ A (j)5]| = lin, | > jvij(fﬂj)vij(fﬁj) wj |l = oo,
ie{1,....k}NIT*(x0)

where (i) is because lim; o (t;/h?(x;, y,(x;))) = 0 for any ¢ ¢ Z*(zo) which we have proven
in the first Claim.
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By (E.39), we have Bi(z) converges to B(z) uniformly. Therefore, by the continuity of B(x) in
x and LerJI_Hna E.6, limjﬁoo. By, (z;) :kB(ﬁj), implyikng thatllimjﬁoo ||A,]§; (a:j)w]i + Btjjxj)wj +
By, (zj)w; || < oo. AThusAhijOO [Af, (zj)w; + Af (z;)05 + By, ()W) + By, ()05 || = oo.
However, lim;_,« [|C; + CJlH = ||Ci(2)|| < oo since Cy(x) is a continuous map defined on X.
This induces the following contradiction
. A AL . k . k AL - A1
0o > lim |G + 5l = Tim |lA7 (25)i; + Ag, (25)5 + By, (25)i; + By (@) || = oo.
Therefore, we conclude lim;_,, w; = 0;
3. Claim: lim;_,o By, (z;)w; = 0.
Proof. Note that lim; .. B, (z;) = B(Z) and lim;_, 1; = 0, we can directly get lim; o By, (zj)w; =

0.

Given that Afj (xj)w; € V;’;(J:J) for any j, we can obtain

Ct = lim ¢+

j—00 J
— 1 : k(o Yoty k(o Yoyt Nabs N
= jlggo proj (Vt’j (xj)>L (Atj (@;)w; + Atj ()5 + By, (x5)w; + By, (x;)w; )
= Proj - (B@)wt) .
where  is the limit of x;. It follows that

lim (Af] (zj) + By, (a:j))il (Cy, i) = lim wy, (x;) = lim @; + W =t = B(2)(C(#)).

Jj—00 j—00 Jj—00

This contradicts our assumption that

lim (Af] ($]) + Btj (xj)>_1 (Ctj7i(xj)) 7é @(f)(cz(iﬁ))

j—o0
So we proved the first part that (Af(z) + Bt(x))fl Ci(x) converges uniformly.

Step 2: Now we prove the second part that (As(x) + Bi(z)) ' Dy(x) converges uniformly. Recall
that

D e 1 t2 * * T
@)= T2ty Vi@ u (@) (Vahi(z, g (2)))

We can obtain the uniform convergence of (t/(—hi(z, yi(z)))) (Vehi(z,yf(x))) " similar to (E.38).
(A4(z) + B(x)) "' D¢(z) can be rewritten as

(Ah@) + Bi@)) " Du(a)
= <(A,’§(m) + Bt(x))_liwvyhj(xay:(x)O <

Then it is sufficient to prove that

t

]
i ) )

(AF (@) + Bi(2)) ™ - s Vyhy (2,37 ()



converges uniformly for any j. Without loss of generality, in the following proof, we only consider
the case j = k. Otherwise, simply swap the positions of the j-th and k-th constraints.
If k is an inactive index, by the assumption at the beginning that hi(z,y*(x)) < —H, we have

P (e, (0) e, i ()
PR ST k(Y (X)) = k(T Y (X
t—hi(z,y; () 7 ' —hi(z,y; (x)) 7 '

converges to (1/(—hx(z,y*())))Vyhi(z,y*(x)) uniformly. We can obtain the uniform convergence

of the following term

L1t
t —hi(z,y; (z))

by replacing Cyi(x) with (1/(—h(z, 47 ())))Vyha(, 5 (2)) in Step 1,
If k is an active index, following (E.36) in the proof of lemma E.4, we have

(AF(z) + By(x)) Vyhi(z, yi (x))

where we define vf(z) in (E.22) as

-1
We just need to prove (Af_l(x) + Bt(x)> vf () converges uniformly, and

. T _ 1

limof(z)" (Af7'(@) + Bilw)) vl (@) #0

for any x in U. The first result has already been proven in Step 1 just by replacing k£ with k — 1

and Cy;(x) with vf(z). The second result has also been proven in (E.34) by replacing j with k — 1.
To conclude, we proved that V,y; (z) converges uniformly in U. O

Next, we prove the relation of Jacobians under the strongly convex setting when ¢ approaches 0.

Proof of Theorem 3.4: We fix an SCSC point xg and prove this theorem at this point. It is

sufficient to prove that lim;_,q 3(?/52?))1' = 8(1"53))1’ at SCSC point zq for any 7,j. By Lemma B.1,

J
we have yf (o) converges to y*(zo), and by Lemma E.7 there exists a neighborhood U of ¢ such
that V,y; (x) converges uniformly in U, we can interchange the order of limit and derivatives
9 (y; (xo)); _ Olimeso (y7 (x0)); _ 0 (y"(20));

li = =
tg% Ox; 0z 0z

Therefore, we completed the proof.
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F Convergence Analysis of Algorithms

F.1 Proof of Proposition 4.1

Through directly computing the Hessian, we get

k 2
i=1 (2 9 7 I

If g(z,y) is pg-strongly convex in y, then

vzygt(xv y) t HgIa

which means g;(x,y) is pg-strongly convex.

If hi(z,y) are linear in y for any 4, define A(z) = (Vyhi(z,y), -, Vyhi(z,y)). In the proof
in Proposition 3.1, we have proven that A(z)A(x)" is positive for any x. The smallest eigenvalue
o(x) is continuous depends on z, then we obtain that o = mingey o(z) > 0. It is also easy to see
H = sup;eqi,. iywex yey, —hi(z,y) < oo. Therefore

k
_ Vyhi(z,y)Vyhi(z,y) "
2 -t yhi(Z,y)Vyhi(,
vyygt(fvay) - ; h?(x,y)
o t2§:1 Vyhi(z,y)Vyhi(z,y) "
A(z) " A(x)
2

ag
=it

=t

which means g;(z,y) is t75-strongly convex.

F.2 Proof of Theorem 4.1

Denote y = arg minycy ) {max;c(1,.. xy hi(7,y)}. From our assumption

arg min max h;(x, < —d,
gye)}(m){ie{l,...,kz} i(z,y)} <
it is clear that h;(z,7) < —d for any 7. Our main idea of the proof is to reduce the problem to a
one-dimensional case.
If y; () = 7, then let m = d. Then we directly have h;(x,y;(x)) < —d for any i.

If y; (z) # 9. Consider the line y; =y + sv, where v = ”y: @)=V and define

yi (2) =1
9z(8) == ge(w, ys)
k
=g(x,y+ sv) — tz log (—hi(z,y + sv)) .
i=1

It is not hard to see s* := ||y;(z) — || is the minimizer of g,(s). We evaluate the bound of
hj(z,y;(x)) for any index j based on the range of values for %hj (2, Y)|y=y,~ , Where %hj(:n, Y)|y=y.-
is the directional derivative of h;(x,-) along direction v at point yg«.

66



Case 1: If dd hj(x,y)|y=y.. < 0, by convexity of hj(x,ys) in s, %h (,y)|y=y, is monotonically

increasing in s, thus we can get - h;(z,y)|y=y, < 0 for any s € [0, s*]. Therefore, we have

*

5d
h]($ays*)_hj(xay):/0 %h]($ay+sv)d5§0,

implying h;j(z,ys) < hj(z,7) < —d.

Case 2: If 0 < h (:1: Yly=yor < 4%, where R is from Assumption 4.3(3), denote s& =
argmingg., cy(y)} hj(z,ys). From the convexity of hj(z,ys) in s, we know s* > s7.

by convexity of h;(z,ys) in s, d‘ih (2, Y)|y=y, is monotonically i 1ncreasmg in s, d‘ih (@, Y)|y=ys >0
for any s € [s*, ] implying hj;(z, ys<) < hj(x, ysj) This contradicts s} = argming,., ey b (2, Ys)-

Therefore, we obtain

J

d
v .
T Otherwise,

s* d B i . . d ii
i) = hieg) = [ i+ so)ds < (87 = 55) Sohy0) ey <

*
s*
J

N QL

In (i) we used the result that %hj(q;@%— sv) < dvh (z,Y)|y=y,~ for any s7 < s < s*. This is
because, by convexity of hj(z,ys) in s, %h (,Yy)|y=y, is monotonically 1ncreasmg in s. In (ii)
we use the fact that s* — s¥ < 2R from Assumption 4.3(3) and L hi(z,y)|y=y.. < = Note that
hj(x, y5)<h( 7) < dwehaveh(x yi(x)) = hj(z, ys*)g—%.

Case 3: If d < dvh (#,Y)|y=y.., we divide the index set I = {1,...,k} into two subsets, I} =
{irel: %hzl (x Y)|y=y.. >0} and Ir = {is € I : Lh;,(2,9)|y=y.. < 0}. Note that the optimality
condition of g,(s) is %ij(sﬂs:s* = 0, which can be expressed as

d v L h; (T, Y)ly=y,»
t E v — =0. F.1
d'v 9(@, Y)ly=y,- + —hi(7, Y+ ) (F.1)
Rearranging the terms of (F.1), note that —h; (m Yse) = —hj(x,yf (1‘)) > 0, we obtain
td o1 (@, 9)|y=y, d S ﬂ:y! .
—4Rh;(z,ys) ’ —hj(x yz )y - _CTQ( W=y, — ¢ d hi(z, yz )y
I 7 i€\{j}
0 v b s bl
<L —t dv "1\ Y=Ys* —t dv "2\ Y=Ys*
- . X *hil(%ys*) . . *hig(xvys*)
t1eli\{j} ia€l2\{Jj}
(i) L hy(2,y)|y=
< L —t 2 dv "2 Y Y=Ygs*
- . . _hiz(x7y8*)
is€l2\{j}
(111) tkLh
< L4+ —2
T

In (i) we utilize —%g(az, Y)|y=y« < Lg by Assumption 4.4(3). (ii) is due to

d
3 o i (T3 Y) ly=y
_t dv 1 ) Y=Ys < 0
. . _hil (‘Thys*) o
ireli\{j}

In (iii) we use the fact that I» is designed such that for all is € IQ, Case 1 is satisfied, so
—hi, (2, ys+) < d; further we have used the fact that for iz € I, 0 < — 4~ Ly (2,Y)|ymy.. < L where
the second inequality comes from Assumption 4.4(6). Note that ¢ < T, we have

d2
: ) < — .
hi@ v ) S R ARTRL,

67



To conclude, the following holds for any j
d? d )
4dRL, + ARTkLy’ 2°

hj(x,ys) < —min{t
It is noteworthy that we do not need the convexity of g(x,y) and g;(x,y) in this proof.

F.3 Proof of Proposition 4.2

Through directly computing the Hessian, we get

7 5'33/ Vyhilz,y)Vyhilz,y) "
V9@, y) = Vy,9(,9) ”Z( = <h2)(xyy)( ).

Note that we only consider y € YV, (), i.e. hi(z,y) < —m for any i. Therefore, we have the following
estimate

- ) VP, )|
(Wil < [Fhate] 13 (Il (e
i 2
(S)f tkLy, N tkL2h7
m m

where (i) is from the assumption that h;(x,y) < —m, and Assumption 4.4 that vayg(az, y)|| < Ly,
V2, (2, y)|| < Iy, and [|Vyhi(z,y)|| < Ly, for any i.

F.4 Proof of Lemma 4.1

By direct computing

vaygf(xlvyl) - v2y§t(x27y2 ||
(V yhi(1,y1) n vyhi(ﬂflayl)vyhi(fvl,yl)T>

vyyg(xh yl + tz

— hi(z1,y1) h2(z1,91)
V2, hi(za,y2)  Vyhi(xe, y2)Vyhi(z2, y2) "
— | V2, g(m2,y2) + ¢ R
< yyg( 2 42) ;( —hi(z2,Y2) h?(z2,y2)

(vzyg(mlayl) vyyg(x27y2 )+tz
=1

Viyhi(@,y) Vi hi(zz, y2)
hZ(xlayl) —hi(x2,y2)

+ti <Vyhi(9017y1)vyhi(I17y1)T B Vyhi(ﬂ?27y2)vyhz‘($2,y2)T>
hi(z1,y1) hi (2, y2)

i(x1, Y1) Vi, hi(2, y2) — hi(z, y2) Vi, hi(z1,91)
hi(z1,y1)hi(z2, y2)

=1

(szg(xlayl) - Vyyg($27y2 +tz
=1

+tz 2 (22, y2) Vyhi(x1, y1) Vyhi(za, 1) T — hE (21, y1) Vyhi(xa, y2) Vyhi(wa, y2) T
hQ(fUl yl)h (22, Y2)
We estlmate three terms of (F.2) separately. For the first term, we utilize Assumption 4.4(5)
and obtain

‘ . (F.2)

|V2,9(21, 1) — Vi, 9(x,2)|| < Loll(z1,91) — (22, 32) -
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For the second, we have

i hi(l‘la yl)viyhz(l?)yQ) B hi($27y2)v5yhi(x1ay1)

t

’ = hi(@1,y1)hi(x2, y2)

< zk: hi(z1,y1) Vi hi(22, y2) — hiza, y2) Vi, hi(21, 91)

o hi(@1, y1)hi(z2, y2)

. zk: hi(w1, 1) Ve, hi(w2, y2) — hi(z1, 1) Vo, hi(z1,y1) + hi(z1,91) Vi, hi(z1,91) — hi(22,32) Va, hi(z1,91)
i=1 hl(mlayl)hi(x27y2)

<tZ z?ayQ) vth (xla yl) vzyh (xhyl) (hi<x17y1) - hi(:IQ,yQ))

h ($27y2) hi(xl7yl)hi(x27y2)

@) Ly, Lth

<tk F.3
(m = | @) = (22, 92), (F.3)

where (i) is because hi(z1,y1), hi(x2,y2) < —m, |V, hi(2,y2) = Vi, hi(z1, 1) < Lil(21, 1) —

(z2,32)|I, IV, hi(@1, p1)|| < L, and |hi(@1,y1) — hi(@2, y2)| < Lpll(21,51) — (22, 92)-
For the final term, we have

" i h?(xg, y2)Vyhi(w1,y1)Vyhi(21, y1)T h2 (21, y1)Vyhi(z2, y2) Vyhi(za, yQ)T
i=1 hi (@1, y1)hi (22, y2)

h2 (w2, y2)Vyhi(z1,y1)Vyhi(z1,91) T — 2 (21, y1)Vyhi(z2, y2) Vyhi(z, y2) T H
hZ (w1, y1)h? (2, y2)
:tzk: (‘ h2 (22, y2)Vyhi(z1,y1)Vyhi(z1,11) T — b2 (21, 1) Vyhi(z1,y1)Vyhi(z1,y1) T H
i=1 h?(xhyl)h?(l’%m)
. ‘ h2(x1,y1)Vyhi(@1, y1)Vyhi(z,y1) T — h2(x1, 1) Vyhi(@1, y1) Vyhi(za, y2) " H

h2 (21, y1)h2 (x2, y2)
N ’ h2 (21, y1)Vyhi(z1,y1)Vyhi(za, y2) T — h2(21,y1)Vyhi(22, y2) Vyhi(z2, y2) H>
(i>< L3 LyLy,

(F.4)

h2 (21, y1)h2 (x2, y2)
ztk— + 2tk > (z1,91) — (x2,92)]|-

In (i), when evaluating the first term, we use the following estimate

hi(x2,y2) Vyhi(x1, y1)Vyhi(er, y1) T — hi(z1, y1) Vyhi(z, y1) Vyhi(z, y) T
hz(xhyﬁh (w2,92)
(hi(xa, y2) + hi(z1, y1)) (hi(x, y2) — hi(21,51))Vyhi(z1,y1)Vyhi(z, )"
h2($1,y1)h (w2,92)
(hi(z2,y2) — hi(x1, 1)) Vyhi(z1, 1) Vyhi(z1,5) " n (hi(w2,y2) — hi(w1, 1)) Vyhi(1, y1) Vyhi(@1,p1) H
hZ (1, y1)hi(z2, y2) hi(z1,y1)h3 (2, y2)

I3
<2tk:—||(x1 y1) — (w2,92)||.

In conclusion, we have
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Hvzygt(xb yl) - szgt(.’ljg, y2)H

L L,L 2L3 2L, L
(L +tk:( hoy ZhZh | Z%h | 27 h) (1, 91) — (22,2)]|.

m m?2 m3 m?

We can also derive that Hvxyﬁt(xl, Y1) — Viyﬁt(:cg,yg)ﬂ < Lg, mll(z1,91) — (22, y2)| using the
same process.

F.5 Proof of Lemma 4.2

By Assumption 4.4(6), i.e. the Lipschitz continuity of h;(z,y), we have h;(z + Az, y) < —4 for any
i and = + Az, where ||Az|| < ﬁ. This implies mingey ) {max;eqr,.. xy hi(z + Az, y)}} < —4 for

any point in the ball Bx(ﬁ). According to Theorem 4.1, we know h;(z + Az, yf(x + Ax)) has

loc

a local upper bound denoted as —m/°¢ in the ball Bx(ﬁ). m'°¢ can be computed by replacing d

with % in Theorem 4.1. This completes the first part of the proof.
Before proceeding with the proof, we provide the following estimate

~ v Vth Z, Vxhl Z,
(V3 < [Vt 403 (LR The I

tkLy, thL?

<T
= Lg + mloc (mloc)2

(F.5)

similar as the proof in Proposition 4.2.
By direct computation, for any x1, x2 in the ball Bx(ﬁ), we have

|Vodi(ar) = Vudiaa)|
=||Vaf (@1, 57 (21)) = Vi ge(@r, y; (21) (Vi e(z1, 55 (21))) 7 Vi f (21, 97 (1))
Vo f (@2, 4 (2)) + V3, Ge (w2, 47 (22)) (V5,0 (22, v (22))) " Vi f (22, 4 (x2))
< (Vaf (1,91 (x1)) = Vaf(z2, 47 (22)))]
+[|V2, 9 (2, yF (22)) (Vi Ge (w2, y; (22))) ™ (Vy f (w2, 47 (22)) — Vi f (21, 47 (21)))]
+ Vi ygt (z2,y; (22)) (VoG (w2, 47 (12))) ™" = (Vi Ge(m1, 57 (21))) ")V f (w1, 7 (1)) |
+ [[(V2, ¢ (2, yF (22)) — V2, 0¢(x1, 55 (21)) (Vo Ge (@1, 57 (21)) "'V f (1, 5 (21)) ]|

G/ —  tkL,  tkL? tkLh thL? 1 =
< <Lf + Lfr@ <Lg + mloc + (mloc)2> Lf <:u‘gt> gt,mloe ( mloc loc) ) + Lfrgt[’ﬁt,ml“

X[z, y7 (1)) — (w2, y; (w2)) | (F.6)
In (i) we estimate ||(VZ, ¢ (@2, y; (22))) " = (Vo g¢(21, 4 (1)) || using the following inequality

IA™ = BT = AT (A = B)BY| < |A7Y| - IB7Y| - 1A - B,

and ||(Vyygt(x2,yt (22))) Y| < 1/pg, from Proposition 4.1.

Now we need to bound [|(1, y; (x1))—(x2, y7 (x2)) . Note that [|y; (x1)—y; (22)[| < [Vayy (@) lioe]|21—
xa||, where ||V,yf (x)]|i0c is the upper bound of norm of the Jacobian in the ball B, ( -). We need
to evaluate ||V,y; ()||i0c. By optimal condition of g(x,y), we know V,g¢(z, y/ (x))=0. This implies

0 = Va(Vyge(z,y; (2))) = Vayde(e, v (2)) + (Vayi (2)) ' V5, Ge(2, i ().
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This following

V2 (@) =l1V2,3e (@, 9) (Vi ge (2, 9) ]
”wagt(x y)HHvyygt(x y)H_l

®1 /= tkL tkL
< (Lg + loiL + loch2> ’
Hg, m (m )

where in (i) we use ||(ng§t(x2,yf(x2)))_1|| < 1/pg, and

tkfh tkL?

mloc (mloc)2

IV3aGe(. )| <

Therefore, we obtain

« « 1 ([~  tkL,  tkL?
I ) =i (e2)] < (Lg iy (m,o(j;Q) o1 — 2a]].

To conclude, we obtain

IVadi(21) = Vadu(as)]

— -1 tk:Lh tkL? 1\*= — tkL,  tkL} 1=
<|L;+L;— (L ——h ) 4L L toe | L+ — e ) 4 LT toe
< ( r+ f/@t < + -+ (mloc)2 + Ly = Ge,ml gt loc + (mloc)Q + f o Ge,ml

X (@1, g7 (1)) = (22, 93 (22)) ]

1 tk:Lh tkL? 1\*= — tkL,  tkL? 1=
< L L - L = 7. <~ L L~ oc L - 7 VTR Y L 7L~ oc
— ( f + f/igt < + + (mloc)Q + ! 113, gt,m! 9 + mloc + (mloc)Q + fﬂ’ﬁt gt,m!

1 tkLy, — tkL?
<1 + 7 <L + mloc + (mloc)Q le - $2||

The proof is completed.

F.6 Proof of Lemma 4.3

Now we apply Lemma 4.2 to the reference point xs. Replacing d in Lemma 4.2 with dg, it follows
that for any z in the ball B,,(ds/(2Ly)), we have h;(x,y(x)) < —m!°. As stated in the first
paragraph of proof in Lemma 4.2, the constant —m!° can be computed by replacing d in Theorem
4.1 with d,/2. Here we use the notation m(ds/2) := m!°® to emphasize the dependency of m on
ds. Since the feasibility check must terminate when d is between % to D, ds is greater than D/2
for any s. From Theorem 4.1, we know that m(d) is monotonically increasing with respect to d. It
follows that m!¢ = m(ds/2) > m(D/4) =: M*. Note that

= = Ln  Lnln 2L}  2L,L
~ I, tk:(h e h2h>,
m m m m

which is monotonically decreasing with respect to m, we have I < fﬁt, m+. Therefore, the

following holds

Tt, mloc
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e (= = 1 tkLh — tkL,  tkL} 1=
Lz =L Li— | L, L oc | L —_—t —= Lr—L= . ioc
ot ( Fr f:uﬁt ( + mloc mloc)2> + Ly </Lgr> ge,m! ( gt mloc + (mloc)Q + f'ugt gt,m!
1 tkL t/{:L
X (1 + (L + loz}:l loc >>
Hge
— - 1 [= tkLh tkL2 ) ( ) ( tk‘Lh tkL2 ) 1 =
<L+ L <L + — + L v | Lg+ —— + + L 7L~,M*
( f fﬂﬁt g (M* ! Gt g (M*)2 fﬂ? gt

g
1 tkLh tkL? ))
x |1+ — <L + =+
< 1, (M*)?

=1L-.
T
By the design of m in Theorem 4.1, we have M* = m(D/4) = O(t). Note that

= = Lo  LnLn 2L} 2L,L, )
Lo a = Ly + tk + + + — 0(1/1%), F.7
ge,M g (M* (M*)Q (M*)3 (M*)2 ( / ) ( )

we conclude Z& = O(1/t4).

F.7 Proof of Lemma 4.4

According to Theorem 4.2, we have ||y; (zs) — Us|| < €. Note that h;(x,y; (z)) < —ms and hi(z,gs) <
—my for any i. By direct computation

|Vai(es) = Vadi(x)
= Hvxf(x& Y (5)) — Viygt(ms, yﬂxs»(vzygt(xsa y:(xs»)_lvyf(xsa Yy (5))

—Vaf (25, s) + Vo, Gt (s, 95) (Vo Gt (5, 95)) T Vy f (25, 95|
<[(Vaf(zs, 4 () = Vo f(zs,9s))]|

+ ||V§y§t(xs,z)s)(VQy?t(:vs,:z)s))’l(Vyf(ws,?)s) — Vyf (s, 5/ (x:)))|

+ Hviyﬁt s, Gs) (Vo Gt (2, 5s) 1 = (Vi Ge(2s, yi (26))) "V f (s, v (4)) |

+ [(V2, 906, 5s) — Vi Ge(zs, 57 () (Vi G (26, 95) 7 Vi f (6, 7 ()

— 1 (— tkL, tkL? 1\*= _  tkL, tkL? 1=
< (Lf +Lp (Lg + 7" + m;) + Ly <u~> Lz, m. (Lg + m;) + Ly T,
gt gt

S gt S S
X[, i (2s)) = (2, s) |

— 1 (- tkL, tkL} 1\*= —tkL, tkL} 1=
<|\Lj+L;— (L,+—2 L L; Ly+—2 Ly—1L;
_< U . ( 9t T T2 >+ f<ugt> N e By R T

gt S s gt
—

=L3, m,€s- (F.8)
F.8 Proof of Theorem 4.3
Before proceeding, we establish the following result
Lemma F.1. The coeﬁicz‘ent ZL e deﬁned i Lemma 4.4 has an upper bound

— — — 2:

Here M is from Corollary 4.1, and E@,M can be computed by replacmg m from Lemma 4.1 wzth M.
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Proof. From Corollary 4.1, we have s > M. In view of Lemma 4.4, Ts 0 is monotonically

gt,m

increases with respect to m, so I < Lgt m- Therefore, we obtain

gt,ms

- — = 1 (= tkL,  tkL} 1\’= — | tkLy, | tkL} 1=
L:%,ms:Lf+Lf; (Lg+m + m2h>+Lf <~> Lo, Lo+ ==+ 7050 ) + Ly Lm,

gt S gt S s gt
— 1 (= tkL, tkL2> ( 1 )2 —  tkL, tkL? 1=
<L +L<L + ="+ k) 4Ly Lo, | Ly + — 4 +Li—L; m
f fﬂﬁz g M M2 N’gt gt, g M M fugt gt,
- L~
This complete the proof. O

Next, we provide the proof of Theorem 4.3. For any point x; € X, the lower-level algorithm will
guarantee (by Theorem 4.2):

H:&s - y;tk(xs)” < € (F9)

within O(klog(1/es)) numbers of lower-level gradient oracles, where g is the output of the lower-
level algorithm. According to Lemma 4.4, 1/e5 = 4f:'5t7ms Je < 4f;;t/ €, the iteration numbers of

. -/
lower-level solver is at most O(x log(4Lg, /€)). o
To proceed with the proof, we first give an upper bound of ||V,¢:(xs)||. Note that
ﬁwﬁgt(xs) = Vauf(zs,9s) — v?gygt(xm Z)S)(v?/y?]t(xm ﬁs))_lvyf(xsa Us),
and we have (by Assumption 4.4 and Proposition 4.1)
||V:Uf($sags)” S Lf7 Hvyf(l'sags)H S Lf7 ||Vyh(l‘8>g8)|| é Lh;
Hviygt(xsﬂgs)u < f97 Hviyht@:s;ys)” < th H(v2y§t(x57ys )_1H < l/uﬁt'

Further, note that

vgygt(flfsa QS) = viyg(‘rsu QS) + t Z

i(zs,Ys) n Vahi(xs, @s)vyhi(x& ZQS)T>
=1

5657% h?(%,ﬁs)

In view of Corollary 4.1 we know h;(zs,7s) < — thus

2
IV3,Gt(s, )|l < Lg +tk +tk

Combining the previous estimates, we reach to the conclusion that
s Ly h
Vadi(xs)|| < Ly + — —|—tk:—+tl<: .
Mg,
From Lemma 4.2, we know that th is locally Lipschitz smooth with parameter Z&s ; for any x

such that ||z — z4|| < ds/(2Ly). Since we take 1, = min{ds/(2Lp) - 1/|| Vo (zs)|, 1/f$t ) so that
|xs+1 — xs|| < ds/(2L,), therefore we know from Lipschitzness that

- - -~ - L¢>
Gt(s41) — Pi(ws) < Vy(xs) (541 — x) + - |zs11 — $sH
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where Z&i . 1s specified by Lemma 4.2, i.e.

— - — 1 —  tkL, tkL? 1 = —  tkL, tkL? 1 =
Ly =(L;+Li—(Ly,+ + Yy 4 L (—) L, . (L, + + =My 4L, —L;
o ( f fﬂﬁt( g oy msg) f(ﬂﬁt) gt,ms( g - msz) fﬂﬁt gt,ms)
1 — tkfh tkL%
1+ —(L
x (1+—(Lg+ p— ers?))

gt

where mg and d; are outputs of Algorithm 2, also f@ s 1s upper bounded by I(Zt (see Lemma 4.3).
Therefore we have 7

Dr(2a1) = Gu(ws) < Vadi(2a)  (@ss1 = 20) + =52 201 — s

@ Ly, 1 ) ~ S WNT

<( 2 i)Hst — zs]|" + (Vou(s) — Voi(zs)) (Ts1 — 25)

< L%t,s - l _ 2 b — Vo 2 - 2
S ( 9 ns)”xs-H st + "75||v¢t(55s) Vd’t(xs)” + 4n, ”$5+1 ISH
(2) — L g1 — 333||2 +7s (E)2

= 4778 4

(F.10)
where (i) is by the property of projection, namely

(xs - n5¢$$t(xs) - xs—i-l)T(x - 3754—1) < 07 Ve e X

and taking x = x4 gives

- 1
vm¢t(xs)T($s+1 - $s) S —;Hl‘s - x8+1”2'
S
In (ii) we utilize the following result from Lemma 4.4

~ o~ — €
[Vade(ws) = Vr(as)|| < €L, m, < 1
Now suppose
1 5 €
ﬁ||$8+1 —zsl|” < 1
S

then the proof is already finished. Otherwise we have —4—7178 |Zs1 — 2s|% +1s (i)2 < 0, and by (F.10)
we know that the algorithm is a descent algorithm. Re-arranging the terms we get:

A(p(xs) — <5t(xs+1)) " i
Ns 4’

1
e — <
S

It remains to lower bound 7, so that the right-hand side of the above inequality is upper bounded.
Note that we have defined

d 1 1
ns = min{1,

s e }
2L |Vodu(zs)|| L, ,

where
ds 1 D 1

> — :
2L | Vagelwo)ll ~ 4L Ly 4 L (T, + thBy + thh )
t
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(D is a constant given in Remark 4.3, and ds > D/2 from Corollary 4.1) and

1 1
ngt,s - L(gt

where Z&L is given in Lemma 4.3. Thus we have

1 A(p(xs) — by (x €

7‘|$s+1—$s“2 < (¢t( s) g?bt( S+1)) +Z'

S
where

1 1

¢ =ming 1, (F.11)

— - 2 D
Anpg+ 4t (Lg +thLy 4 tk%) L,

By setting max,¢xy at(x) =® < +00and S = gf; = (’)(C%), we derive

i | 1<
min — || T — X —
=0, 517 0 TRl =y

by telescoping sum for s =0, ...,.S. Then

1 ~
i —||zs — proj —nsV
S:gyrll%—l ”78 ”xs prOJX (CL‘S T]S x¢t (xS)) ”

< min

1 ~
5=0,...,5—1 7)s (H% Projx (s — 115 Vade(2s)) |

+ [[proiy (zs = nsVadi(ws)) = projix(zs = nsVadi(ws))]|)
3e

1 . A~ ~
SZ + S:g.l%}é_l iHPFOJ;v(??st(Z)t(xs) - nsvx(z)t(xs))n
3€

3¢ S
St omax [[Vad(ws) = Vadu ()]

ERRE}

Next, we prove the number of iterations for the inner loop is (5(15*0'5). Recall that, from the
beginning of the proof, the number of iterations for the inner loop is at most (’)(/ﬂlog(élfét /€)) from

Theorem 4.2, where k = \/fghms /g, Since fghms can be computed by replacing m in Proposition
4.2 with m,, and mg = O(t) in view of Theorem 4.1, we have Lg, ,,,, = O(t=1), implying k = O(t~%9).
According to Lemma 4.4, f;jt is polynomial in t. We conclude that O(Hlog(4f;§t/e)) = O(t99).

F.9 Explaination for Remark 4.6

This is because, by the beginning of the proof for Theorem 4.3, the number of iterations for the

inner loop is at most O(/ﬁ;log(llf:gt /€)), where & = (Lg, m./pg,)"/?. Since Lg, . canﬁbe computed by

replacing m in Proposition 4.2 with m, and m, = O(t) by Theorem 4.1, we have Lg, ,,, = o),

implying k = O(t~%3). According to Lemma F.1I, Z;jt is polynomial in t. We conclude that
- ~

O(rlog(4Lg, /e)) = O(t 0:5,
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F.10 Proof of Theorem 4.4

By Theorem 4.3 we know that for each given t;

1
TT”xz — proj (i — ny -T(Zstz ()]l < e (F.12)

(3

where 7, is the stepsize 7 as specified in Theorem 4.3. Note that 7;, < 1, also since (F.12) is
decreasing when 7, increases, see Bertsekas (1997, Lemma 2.3.1), we conclude that:

2z — proja (i — Vb, (z:))|| < €

Now that ¢ — oo and z; — z*, since x* is SCSC point, there exists a neighborhood of z*
where all points are SCSC points (from Lemma B.3 we know the multiplier is continuous and
from Definition 3.1 we know SCSC means the multiplier is positive, which implies an open set).
Therefore we could without loss of generality say that x; are also SCSC points. Consequently
Theorem 3.3 and 3.4 imply

Vit (2:) = Vad(a").
Now if we take i — oo, we know x; — z*, ¢, — 0. By

i — projx (i — Vo, (2:))]| < €

we conclude that
x* = projy(z* — Vy¢(2"))

which means that z* is the stationary point of ¢.

F.11 Proof of Lemma C.1

By direct computation, we derive

(@, y; (x))

(z, yf l’))

Vi () = - ( 9.y (@ +Zth2 Vil v (@) (Vyhie, g7 () +ZMW<“"”>

x (Vyzg 2,07 (@) + Z 7ty o U ) (Tt () >

(z,y; (3: ~  —hi(z,y;(z))
Denote
tV2 .
Ai(z,y) =V, 9(z,y) + Z , y € intY(z) (F.13)
tv2 _
By(w,y) =Vi,9(z,y +Z , Y € intY(x) (F.14)
. t
v (x,y) mvyhi(x,y), y € int)(x) (F.15)
4 t
uy(z,y) = i@y Vehi(z,y), y € intY(x), (F.16)

where int)(z) is the interior of Y(z). These terms are well-defined only when y € int)(z) because
hi(z,y) may be 0 for some index 7 when y € Y(x) \ int)(x). Note that y;(z) € intY(z), then

& —1
Vi (2) = (Ax:c,y:(x)) + 37 Sl 57 (@) (vl yZ‘(a:)))T)
i=1

76



k
x (Bt@:, i) + Y ot i (@) <u;’<:c,y:<x>>)T> . (F.17)

We first show that

k -1

* 1 i * 7 * T *

(At(x,yt (x)) +Z;Ut($7yt (2)) (vi(z,yf (x))) ) By(z,y; (z))
i=1

is uniformly bounded. By Corollary 4.1, h;(z,y; (z)) < —M, where M = min{M;t, M2} for some

constant My and Ms. This implies

t/(—hi(z,yf (x))) < max{1l/My,1/Ms} (F.18)
for any 4 since 0 < ¢t < 1. By Assumption 4.4(4)(7), we have Hvymg( ¥(z))|] < Ly and
IV 5ahi(z, y; ())[l < Ly Thus

yacg & yt +Z

tV2 35 yt ))

< Ly + kLj max{1/My,1/M>}.
i(z, i (x)) !

1Bt (2, y; ()] =

Note that

K —1
(At<:c,yz‘<x>>+z1vz<x,yz‘<x>> (v§<x,y:<x>>)T> < (Vo @)=L (P9

=1

we conclude that »
(At (@) + S botCoi o) (i (00) ") Bl (@) < 4 (B + KT max{1/a02,1/30)).

)
To prove the uniform boundedness of ||V, y/(x)|, it is sufficient to show that

-1

* i 1 7 * 7 * T 1 j * j * T

g,y (@) + D2 i@y @) (l@i@) | o @i @) (Wl yi @) | .20
i=1

is uniformly bounded for any fixed 7. We will prove this on the interval (0, Tv] and then on [f, 1] for

some constant 7. The value of T" will be determined at the end of the proof. We prove the uniform

boundedness on (0, 7] by two steps: denoting

X1 ={z € X: hy(z,y"(x)) active}, (F.21)

we will first show that V,y; (z) is uniformly bounded on an open neighborhood of X;, and then
demonstrate that V,y; (z) is also bounded outside this open neighborhood.

We declare that in this proof, all mentions of openness refer to openness in the sense of the
subspace topology.

Step 1: We first show the uniform boundedness of (F.20) on an open neighborhood of &) as follows:
we will prove that for any z in X}, there exists an open neighborhood W, of x such that (F.20) is
bounded above in this open neighborhood W,. These open neighborhoods form an open cover of the
compact set Xj, so we can select a finite subcover {W;}?_;. We will show the uniform boundedness
of (F.20) on U¥_, W;.
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Now we provide the detailed proof. Set —h;(z, y; (x))

| =

Vi, vy (@) (Vi vy (@)

k -1

(Axx, yi(@) + 3 2ol (@) (ol y:<x>>)T>
izl B

2 (At@c, V@) + 3 e, 57 @) (v y:<x>>)T>
(i) - -

11 Z 4 >

In (i) we plug in u) (2, yf (z) = mvxhj(x,yf(x))

= «, then

% (e, i @) (u] (2. 7 W)T

t

]
Thm @) i “””)

fol(eaito (

ool (2, 47 (2)) (thj(x,yf(x)))T

(F.22)

, and in (ii) we utilize —h;(z, y; (2)) = .

Note that [|Vahs(z, yf ()] is uniformly bounded above from Assumption 4.4(6), then it is sufficient

to prove that the following term has uniform bound

k

(Axx,yz‘(x)) +30 2

i=1

Denote
Kk

-1
(2,45 (x)) (vz‘<x,y:<a:>>f) oty

(@, y; ()| -

Cilar 7 (2)) = Aulr i )+ D2 el w7 @) (v )

i#j,i=1

It is clear that Cy(z,y/(z)) = pgl is positive definite. We have

k

(i + 3 b
i=1

—1

(o) + ol @) (o))

—~
=

-1
(@, y; (2)) (vi(w,yf(ﬂv)))T> o] (2,7 (2))

o] (2,7 (2))

C o,y (2)vd (w97 (@) (of

T 5
(2,97 @) C7 @,y (@)} (@97 ()

o | 7 (g (@)l (2, w7 () —

1,7

tCy(, yi (x)) vy (2, y; (2))

t (@) O @) (2,7 @)

a—l

@ |2, Oy (w97 (2)) Vyhy (2, 57 ()

t+ (vf(m

i) G g @)l i )

- ICT ! (2, 57 () Vyhy (2, 57 (2)) ’

—
(Vuhs(@,vi @) G @y @)V (57 (@)
where (i) is from the Sherman-Morrison formula, and in

vl (@, 4} (x —h(z, yf (z))
t( 7yt( )) _hj(x,yf(ﬂf))
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t+ 2072 (Vyhy(a, 7 (2)) - O @97 (@) Vyhy(a, v (2))

(F.23)

(ii) we plug in

Vyh; (2, (2)) = ta™ Vyh; (2,53 (2))



-
Next we need to prove that (Vyhi(x,yz‘(:v)» C’t_l(x,yf(as))vyhj(x,yf(x)) has a positive lower
bound. Denote

T (z) = {i: hi(z,y"(x)) active} (F.24)
V(x,y; z) = span{Vyh;(z,y) : i € T%(2), i # 7} (F.25)
For further analysis, we decompose

O (2,57 (2)) Vyhy (7 () = we(@) + we(2)

where w;(z) € V(x,y;f (2); 20) and wy(z)* € (V(z,y;(x);20))* for some point zg. Then we have

i}
(Vb (i (@) O (i () Vb .9 ()

- <vyh5-<x, yi (2)), wi(x) + wt<$)l>

~ t
i#£5,i=1

k ~ 5
=< A+ Y o (@) (wt@)wtw),wt(x>+wt<xy>. (F.26)

According to (F.13), we have

k Ao T
Az i@)+ Y % (vl @y (@) = V2,90, v (@) = . (F.27)
i#],i=1
We aim to estimate the lower bound of ||w;(x) 4 w¢(x)*||. It is difficult to obtain a global bound for
|lwe () + we(x)*| in Ay. This because that the active set Z*(x) changes as g varies, and if we fix
the point zo, it’s hard to analyze C; !(x,y;(z)). So we want to show that for any xg € X, there
exists an open neighborhood W, of xg such that ||w:(x) + w;(z)*|| is lower bounded on W, .

To construct this open neighborhood, we embed &; into {(z,y) : x € X, y € Y(z)} by the
following embedding map

LX) = A{(z,y):xe X, yeV(x)} (F.28)
z = (z,y"(z)).

Note that j € I*(z) if z € A1, by the LICQ assumption, we know the following holds for any
T e X

H projVL(x,y*(x);x)vyh’j (l’, y* (IE)) H > 0.

It is clear that |[projy + (4 yx(2):e) Vyh;(@, ¥ (2))| is lower semicontinuous in z. Therefore, by com-
pactness of X}, there exists a constant & > 0 such that the following holds for any x € A}

| prOle(x,y*(x);x)vyhj (z, y" ()] = 6.

For any xp in X, we will show that we can find a neighborhood Uy, of (zo,y*(x0)) in {(x,y) : x €
X, y € Y(z)} such that

1. For any i ¢ T*(xo) and (z,y) € Uy,, we have h;(z,y) < —Hy, for some constant H, > 0;

2. The vectors {Vyh;(z,y) : i € T*(x0)} are linear independent;
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3. There exists a constant dz, > 0 such that ||projy L, y.00)Vyh;(z,y)|| = 0z, holds for any
(z,y) € Uszo;

4. There exists a constant 75, such that for any x € m(Us,), which is the projection of Uy, onto
the z component, we have {x} X (Bys«(y)(rzy) N V(x)) C Usy, where Bys(,)(rs,) is a ball in
Y(z) centered at y*(z) with radius 7.

{(zo0,y) : y € Y(z0)}
. [ @) s € A)

) ove) )

(w0, y*(z0))

{CC} X (By*(z

{(z,y"(2) : z € 21}

Figure 3: Find a spherical neighborhood that satisfies the first three properties, as shown by the
solid hemisphere in the figure, then find a tubular neighborhood within it, as shown by the red
dashed tube in the figure.

The first property can be directly obtained from the continuity of the constraint functions h;(x,y)
and the fact that h;(z,y*(z)) # 0 for any i ¢ Z*(zp). The second property holds because
{Vyhi(xo,y*(z0)) : i € IT*(xp)} are linear independent by LICQ assumption. This property
ensures that V(x,y;x9) and V*(z,y; z0) are non-degenerate on Uy, so PrOjy L (2 ysz0) Vi (%, y) is
continuous with respect to (z,y). Note that

| PfojVJ-(zo,y*(aco)mo)vyhj (20, y" (z0))[| = 4,

by continuity, the third property can also be satisfied. To show the fourth, note that we find a
spherical neighborhood that satisfies the first three conditions. Therefore, within this spherical
neighborhood, we can identify a tubular neighborhood, thus also satisfying the fourth property
easily.

Denote Wy, = 7;(Us,). The projection map is an open map, so Wy, is open. we will prove
that [|w(z) + wy(x)*|| is lower bounded on Wy,. We consider the case that t < (r2 u,)/(2k). By
Lemma B.1, we have ||y*(z) — y; ()| < /2kt/pg, which means ||y*(z) — y/(z)|| < rz, and thus
(z,yf(x)) € Uy, by the fourth property of the open neighborhood. Then we obtain

Vyh; (2, y; (x))

~(aws@ Y i) i)
iET* (w0),i#]

Y i) (@) | () + )

i€T*(20),i#]
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@(Axx,yz‘um > 1vz‘<x,y:<x>>(vz<x,y:<ac>>)T) (wn(a) + w(w)*)

iET*(0),i#]
Y @) 0 @) we),

1€T*(20),i#]
where (i) is because

i wy(z) = 0.

S Ly @) @i @)

ot
1€T*(x0),i#£]
On the other hand, we have
Vyh} (ma y: (.’E)) = projV(z,y;‘(z);xo)vyhj (ZE, y;tk (LE)) + prOjVJ-(x,y?(x);:vo)vyhj (.T, Z/f (l‘))
] * i * T *
Note that 3701 iz i (z, yi (2)) (vi(z,y; (x)) wi(z) € V(z,y;(2); 20), we have

pI’OjVL (z,y; (z);0) Vy h} (Q?, y: (.I'))

(At<x7y:<x>> FY ) (vi(x,yz<x>>)T) (wi() +wt<x>L>] ,
¢TI (20),i#]

:proij(z,y;‘ (z);20)

which means

(Am,y:(x)) Y i) (vf(x,y:<m>>)T) (we() + wi(z)")

i‘fl* (IO)J’#}

v

prOJVJ-( F(x);20)

(At<x,y:<x>>+ > @) (UE)T) <wt<x>+wt<x#>]

i¢T* (@0),i#]

—|Proiy s (ot (eyz0) Vs (2w ()|
Q]
> (F.29)

where in (i) we use the third property of the open neighborhood. By (F.18), t/(—h;(z,y;(z))) is

uniformly bounded. Combining Assumption 4.4(4)(7), it is not hard to see that the maximum
eigenvalue of A(z,y;(x)) = Vi, 9(z,yf (2)) + EZ 1 % has upper bounded denoted as
Amaz- According to the first property that for any i ¢ Z(xo) and (x,y) € Uy, hi(z,y) < —Hy,

holds for some constant H,, > 0, we obtain that
; L G ot (o)
Ay @)+ Y iy @) (v @)
Z$Z*(x0)77’7é3

=A@+ Y
i%z* (xo),l#j
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3 Vyhi(, i () (Vyhi(e, y; (2))

kL?

S)\maa; + Higo.

Combing (F.29), we obtain [[w;(2) + wi(z)L]| > due/(Amaz + ~2).
zQ

boundedness of |Jw;(z) + wi(x)*|| on Wy,. By (F.26) and (F.27), we obtain the lower boundedness
of

Now we proved the lower

T
(Vs (@,vi @) G (@, pi (@) Vyhs (e, i (@),

According to (F.23), this means the following term is upper bounded on Wy,

k —1
(At<x,yz‘<x>>+21vz<x,yz‘<x>>(v§<x,y:<m>>f) o Wi,y @)||. (F30)

i=1
Recalling (F.22), this further implies the upper boundedness of the following term on Wy,

k 1 . . T ! 1 = 5 T

(Am, v + 3 ol (@) (v () ) Sl @) (i @) | P30
i=1

Note that {Wy, }zocx, forms an open cover of A7 in X. Since X; is compact, we can choose a

finite subcover, denoted as {W;}!_; where W; = Wy, for some z in X;. Denote T; = (r?uy)/(2k),

r; = rg, from the fourth property and G; be the upper bound of norm of (F.17) when 0 < t < T;.

Take T = min{T;}, G* = max{G,}. It is not hard to see that the norm of (F.17) is upper bounded

by G* for any 0 < ¢ < T™* and z in | JI_; W;.

Step 2: Consider X5 := X \ [J/_; W; which is compact in X. Since |J!_; W; has covered X7, it
is easy to see that hj. (z,y*(x)) has a negative upper bound in A, denoted as —Q. We assume

that ¢t < (uyQ?)/(4kL?). By Lemma B.1, we have ||y (z) — v*(z)|| < \/2kt/uy < Q/(2Lp,). Thus
|h;(@,y; (x)) — hs(z, y*(2))| < Q/2, which means h;(z, yj (z)) < —Q/2. Then the following term is

uniformly bounded for any z € X» and 0 < ¢ < (uyQ?)/(4kL?):

T

k - A -
(Axm, V@) + Y iy @) (vhla, yz‘(x)))T> Fol (i @) (ul (o, )

LEE T . -

_ (At(x,y;(x)HZtv;(m,y;(x))(v;(x,y;(x)))T> mvyhj(x,yz‘(x)) (Vahs(a.vi (@)
i=1 A

# 1 t * *

= P ) Vs @i @) || o,z )|

(i_<i) ;Ig’Q . (F.32)

g A
(i) is because (F.19) and v](z,y;(z)) = mvyhj(x,yf(x)). In (ii), we utilize t < 1,

hs(z,y; () < —Q/2 and || Vyhs(z, yf ()| < Lp. Furthermore, we obtain (F.17) has bounded norm.
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To conclude, we have proved that ||V,y; ()| is upper bounded for any z in & and 0 <t < T :=
min{7T*, (ugQ?)/(4kL3)}. If T is less than 1, see ||V,y;(z)| as a continuous function defined of the

compact set X x [T, 1], so it has an upper bound. Therefore, we proved that ||V,y;(x)]| is upper
bounded for any x € X and 0 <t < 1.

F.12 Proof of Lemma C.2
Let —h;(z,y; (z)) = o and use the notations (F.13)-(F.16), we obtain

1A% hA( x,yf (z))
2

(Vyyﬁt(l"))_( hi (@, y7 (x)))

k -1 .
- (At<x,yz‘<x>>+21vi<x,y:<x>>(vz<m,y:<a:>>f> oMy (F33)

=1

We have proved this term is uniformly bounded on (J!_; W;, as detailed from (F.30) to the end of
Step 1 in Section F.11. For X \ [JI_; W;, we can assume h;(z,y"(2)) < —Q. Then

N L tVyhs (2, yi (2))
(Vyyge(z)) ™! (— j(m,yf(@))z

_ * i 1 ) * 7 * T - 3 *
= <At($7yt($))+;t”t(%yt@?)) (Ut(ﬂ'?ayt(x))) ) vahj(wayt(x»

is bounded by the same process of (F.32).

F.13 Proof of Lemma C.3

Following the argument at the end of Step 1 in proof of Lemma C.1, we select an open neighborhood
{Wi}gzl of Xl.

If z € J/_; W;, denote B1 = min;{r;}. According to the fourth property of the open neighbor-
hood, ||y — y*(x)|| < r; for any i means y is in the W; for any i. By replicating the proof in Step
1 and simply substituting y; (z) with y, we can obtain ||(Vy,g:(z,v)) ' Vyegi(z,y)|| < G* for any
y € int)(x) such that ||y — y*(x)| < .

If 2 € X\ U, W;, denote B2 = Q/(2Ly). Similar to Step 2 in proof of Lemma C.1, we
can also find that [[(Vyyg:(@,y)) 'Vyagi(z,y)| is upper bounded for any y € intY(z) such that
lly — y*(x)|| < B2. Define B = min{p, 52}, we complete the proof.

F.14 Proof of Lemma C.4

The proof is similar to that of Lemma 4.2 and Lemma 4.3. First we aim to prove the local Lipschitz

smoothness of ¢y(z). Following (F.6), for any x1, o satisfies ||z, — 2|, ||z2 — 2| < 2L , we need to
estimate
IV2e(21) = Vady(22)]|
<(Vaf @1,y (21)) = Vaf (2, 47 (22))) ] (F.34)
+ [Vt (@2, v (22)) (Vi g2, 57 (22)) 7 (Vy f (22, 57 (22)) = Vi f (21,57 (20))) (F.35)
+[| Va9t (@2, 57 (22)) (V3 Ge (@2, 57 (22))) T = (Vi g0, v (1)) 7HV yf(mbyt (z1))]|  (F.36)
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+[[(Vayge (@2, i (22)) = V3, 00(21, 57 (20)) (Vo g1, v (20))) 7'V f (e, g7 (1)) (F.37)
For (F.34), by Assumption 4.4(2), we have
1(Vaf (@1, 97 (21)) = Vo f (22,57 (@) < Lell(1, 57 (21)) — (22,5 (22)) -

We evaluate (F.35), (F.36) and (F.37) separately.

The term (F.35): According to Lemma C.1, ||V%y§t(x,y;"(:n))( yﬁt(x yi(z) 7| < Ji. Com-
bining the Lipschitz smoothness of f(z,y) from Assumptiond.4(2). Therefore

[V 2yt (@2, 5 (22)) (V3 g0 (22, 57 (22)) ™ (Vy f (22, 9 (22)) = Vi f (21,57 (20)))
<A Lgll(@1, 97 (21)) = (22,5 (22)) -

The term (F.36): By Assumption 4.4(1), ||V, f(z,y)|| < L. To estimate

[V 2yt (@2, 97 (22)) (Vi Gt (@2, v (22))) 7" = (Vi gelr, v (21)) 7 Vi f (21, 9 (21))]]

It is sufficient to evaluate the following term

[V Ge (w2, ¢ (22)) (V@i (@2, 7 (22)) 7 = (Vi ge(21, 97 (21))) 7))

D192, G, i (22)) (V2 G2, 7 (22)) (V3G (22)) — Vi u7 (20) (V2 G, (20) 7
AT () (T 2)) — T2, ) (F.38)
where (i) is due to A= — B! = —A71(4 — B)B™!, and (ii) is from Lemma C.1, which says
||V§y§t(x,yZ‘(w))(ngﬁt(z, yi ()7t < Ji. To estimate (F.38), we directly compute as following

V31, (1)) (V3 (w2, (22)) = V3o, ()|

= (Fhten i o)™ V5ot 7)) = Vool i) (F.39)
hi(x1, y; (21)) Ve, hi(@e, yi (22)) — hi(@e, y7 (22)) Vo, hi(z1, y7 (21))
H; hi(@1, yi (z1))hi(@2, y; (22)) (F.40)
'HZ h2 (w2, y; (22))Vyhi(z, yi (1)) Vyhi(zr, v (21)) | — b3 (21, i (21)) Vyhi(@2, yi (22))Vyhi(22, v (22)) T
i=1 hQ(xl,yt (x1)) h (xQ,yt (22)) .
(F.41)

We respectively evaluate (F.39), (F.40), and (F.41).

For (F.39) and (F.40), we use Lipschitz continuity of Vyyg(:c y) from Assumption 4.4(5), the
result that h;(z2,y; (r2)) < —m!° from Lemma 4.2, and the same process in (F.3). Note that
ngﬁ(x, y) = pgl, we get

H(Vf,yﬁt(xl, yi(z1)) " [Voyg(,yi(21)) — Vi,g(w2, 7 (22))

+tZ i(T1, 97 (21)) Vi hi(2, y; (x2)) — hi(w2, y; (22)) Vi, hi(a1, 7 (1))
hi(@1, y; (1)) hi(@2, yf (22))

é; V2, 91,7 (21)) = Vi, 9(wa, v; (22))
g
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_i_i

tz :L‘layt :Z:l vzyhl(aj‘%y;ﬁk(lé)) - h‘l(m27y:(xQ))vzyhl(xbyZ‘k(l'l))
hi(z1, yf (x1))hi(z2, yf (x2))

Si <L9 itk (nflﬁc * e )) (21,97 (1)) — (22,97 (x2)) ||

fg (mloc)2

For (F.41), Using the same method of adding and subtracting like terms as in (F.4), and applying
the triangle inequality, we obtain

7 (22, yf (22)) Vyhi(a1, g (21)) Vyhi(z, yi (21))
\% 1,y (x
H(”Ml% ! ( 2 (on, vt (@) a2, 7 ()

_ i@y, yi (21)) Vyhi(s 1)/( 2))Vy (x27yt($2))T>H

hz(xbyt( ) (x2ayt($2))
; 1 (M) By ) Vo)
1 » It ) » It
SiﬂHnywﬂmm W2 (s g7 () 2w, 37 (22)
h

hE (2, yf (2)) Vyhi (a1, 47 (21)) Vi hi(@a, yi (22)) )
h (@1, yi (21))hi (22, v (22))

2(x x T * (o)) T
4Wm@%mm(m%m?gygggm$wgm
hE (@1, yp (21)) Vyhi(e, y7 (1)) Vi ﬂ?z,yt z3)) )

hi (a1, yf (21)) 03 (22, yf (22))
~ « _y (R (z1, ¥} (21))Vyhi(z1, x2, yf (22)) T
e (e a2
g (1, (1)) Vyhi (@2, 47 (22)) Vyhi(@, yi (22)) H

hZ(x1, yf (21))h3 (22, yf (x2))
(i) L
< IRERLL oy () — (207 (22

(W2 (22) Vi, i (20))V b, i (2)) T
yﬁx”““ml< T R2(en gt )yt (7))

g (M loc)
B h?(l‘l,yt( 1))Vyhi(961,yik(fﬁl))vyhz‘(w%y?(@)ﬁ)‘
h (@1, g (21) 0 (2, y7 (22))

J%ﬁ$mm@wm—muﬂmm-

1,

hi (g, y; (x2))Vyhi(x1, yf (21)) Vyhi(w, yf (22) T
hZ (1, yf (21))h2 (2, yf (22))

yygt T, yt (xl)))_l

R eyt ) V1 37 @) V(o )
ey (1) i 1) )| 2
o By @) = (@, v (@) -
Ky (mlee)

In (i) we used the result that h;(z1,y}(x1)), hi(ze,y;(22)) < —m!° from Lemma 4.2, Lips-
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chitz smoothness of h;(z,y) from Assumption 4.4(7), boundedness of V h;(x,y) from 4.4(6), and
ngﬁt(x,yf(x)) > pigl. Finally, we need to evaluate (F.42), i.e

k
. . L1 (((=hi(m2, y7 (22)))Vyhi(@1, y; (21)) (Vyhi (w2, y; (22))) T
2 |V i o)) < mmmmwl (o, (2)
(=hilen, yi (1)) Vyhi(an, yi (21)) (Vb (g, 37 (22)) )H
(hi(z1, y; (21)hi(w2, Y7 (22)))?
—1 (R, yf (1)) — hi(22, 43 (22))) Vy i (3?17yZ‘(wl))(Vyhi(myi‘($2)))T
VGt (1, yf (21))) ( hZ (21, y (1) hi (3?27% z2))

(hi(«Thyt (z1)) — hi(z2, y; (22))) Vyhi(x1, y5 (1)) (Vyhi(z2, yi (22))
: LA O e

From Lemma C.3, we have

k

2

i=1

1 ((hz‘(fﬁhy?(ﬁfl)) hi(z2, yi (22)))Vy (1’17yi‘(wl))(vyhi(myi‘(@)))T) H
hQ(UChy?(xl)h (22, yf (22))

(Vyygt@?ly Yy (71)))

kL2 . .
<o e,y () = (w2, (22)|

For the second term in (F.43), we observe that

k
. 2L (hiz1, y7 (21)) — hi(z2, v (22)))Vyhi(z1, y5 (21)) (Vyhi (22, y§ (22))) T
2| ywt“%(M)t( (e, 5t @D @, 5t (22)) N
k
o (g (1)) — R g (e)) Vi (1, 5 (@) (Vyha(a, i (22))
=2 yw”“%WM)t( W2 (o1, gt ) (w2, 7 (2))

hi (xlayt X1
. @m%@ﬂ)

<na|= jggzgghmmwmmumﬁwmu
S | I 2 i o)~ (i o)
—bﬁi1+_h@é%”_?H@h%@m—@%%@mﬂ
<aiih (1 | ) i ) - Gani o

3/<:L2

< B |, ) — (2,37 (22)]]

where (i) is because h;(z1,y;(z1)), hi(x2,y;i(z2)), hi(z,yi(x)) < 0, hi(z,yf(x)) is Lp(l + Jy)
Lipschitz continuous, and ||z — x1|[, ||z — 22| < m/(2Lx(1 + J1)). To summarize, we get

V20t (@2, 47 (22)) (Vi Ge (w2, 57 (22))) ™" = (Vi Gz, 57 (1)) ™)V f (w1, 91 (21))]|

L, tkL thLpL tkLyL kL2 3kL2 .

SLpdy | T2 oy 2 Ty Ty Jy b ) (e w (a0) — (2,0 (22) )
Hg — pgMm g (mloc) fg (mtoc) m




The term (F.37): This term can be evaluated directly by Lemma 4.1 and Lemma C.1 as follows:

(V2,81 (w2, y7 (22)) = V2, G0(w1, 45 (21) (Vo Gt (w1, 45 (21)) 7 Vy (1, 47 (1))
<L, o 1 || (1, 45 (21)) — (w2, 57 (22))]-

Note that ||(x1,y; (z1)) — (z2, yf (x2)|| < [|Vays (2)]]]|z1 — 22| < J1]|z1 — 22| from Lemma C.1.
Setting
- T, tkL kL, L
L2 =i Ly + Dy + Lyy | 22+ 0 hh
g g ﬂg (mloc)

tkL,Ly, kL2 3kL? =
o (toey? P tor TP e | Btes

we conclude
~ ~ —loc
[Vade(z1) — Vadi(z2)|| < L, (|21 — 22|

Following the proof of Lemma 4.3 around (F.7), m lo¢ has a lower bound M* = m(D/4) o(t).
By design of Ly, i in Lemma 4.4, we know that Ly < Lgt m+ = O(1/t), so L “ has an upper

bound

ghmloc

_ L, tkL, tkL,Lj,
L+ =J; Lf+LfJ1+LfJ1 7+ " +
> ( pgM Hg (M*)2

Hg

tkLyLy, kL2 3kL2
12 ' + Js iy S
g (M*)? QM* gt
1

=0(5).

F.15 Proof of Theorem C.1

The proof is almost identical to the proof of Theorem 4.3. The only noteworthy point is that ?xg?)t(xs)
now is upper bounded. This can be proved as follows: due to Lemma B.1, ||y*(zs) — vy (xs)| < 5/2.
The lower-level algorithm will guarantee (by Theorem 4.2) ||gs — y; (zs)|| < /2, which means

||y*($s) - gs” S 5 By Lemma 0'37 ||(Vyy§t($87gs))_lvymgt(l‘&gs)n é Ji’n S0

||@x§5t($s)” = ||v f(st,st) - ngg(x&gs)(vzyg(xsvgs))_lvyf(xsvgS)H
<NV f (s, )| + 1V 2,005, 5) (Vi G5, 55)) NIV f (5, 8s) |
< Ly(14 J3).

The remaining steps to complete the proof are analogous to those in Theorem 4.3.
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